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Existence of time-dependent strong global attractors for
nonclassical diffusion equation
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Abstract;: We consider the nonclassical diffusion equation u, —¢(z) Au, — Au+2u= f(u) +g(x) on
bounded domain QCR? with smooth boundary 9, discuss the long-time behavior of solutions for this

problem in strong topological space. The used method is a sufficient condition for the existence of time-

dependent global attractor introduced and proved by Meng and Liu.
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1 Introduction

Let QCR%be a bounded domain with smooth
boundary Q. We consider the following nonclas-
sical diffusion equation

Ju, —e()Au, —AMutiu=f(uw) +g(x), 2 €Q.

ul g =0.t>1, (D
lu(x,r) =u. (x),x €0
where A>>0,7€R and g€L*(Q). Let () be a de-
creasing bounded function satisfying

flii?f(t) =0 (2)

The nonlinear function f€C'(R) satisfies the fol-

lowing growth conditions

WFsEE: 2017-07-11

hmsup*@ <A.Vs€R 3

| ffol<CcA+|s|H,¥s €R 4)
and

| f(H]<CA+|s]D.¥Vs €R &)

where A; is the first eigenvalue of — A in H*(Q)
NH{(Q), Cis a positive constant.

The nonclassical diffusion equation arises as
a mathematical model to describe the physical
phenomenaes, such as non-Newtonian flows, solid
mechanics,and heat conduction'"™/.
Since (1) contains the term—e (¢) Au,, it is

different from the usual reaction diffusion equa-
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tion (e(¢) =0). For instance, the reaction diffusion
equations have some smoothing property: al-
though the initial data only belongs to a weaker
topological space, the solution will belong to a
stronger topological space with the higher regu-
larity. In addition, we can not understand its dy-
namics in the standard semigroup framework be-
cause the coefficient e(#) of —Au, depends on the
time ¢, which makes the problem complex.

When ¢ (z) is a positive constant, the long-
time behavior of solutions for the nonclassical dif-
fusion equations has been extensively studied by
several authors'!'”. when ¢(z) =1 and 1 =0, Xi-

“J investigated the global attractor of the prob-

ao
lem (1) in H}(Q) for g €L*(Q). Recently, Xie et
al. ™ studied the existence of global attractors on
unbounded domain when the nonlinear function
satisfied the arbitrary polynomial growth.

When ¢ () depends on time 7, Ding and
Liu''" obtained the existence of time-dependent
global attractors for (1) in phase space Hi (Q) s in
which the nonlinearity satisfies (3) and the fol-
lowing condition

| (o) [<CA+]|s|H, Vs €R (6)

The asymptotic structure of time-dependent
global attractors and the further regularity of u,
have been obtained in Ref. [12]. Simultaneously,
Ma et al."*) investigated the existence and regu-
larity as well as asymptotic structure of time-de-
pendent attractor with lower forcing term.

In this paper, we will take advantage of the
method different from Refs. [ 14~16 Jto prove the
existece of time-dependent global attractors in a
strong Hilbert space, which has been introduced
by Meng and Liu"'!. We extend and improve the
results of Ref. [13].

For convenience, we choose C as the positive
constant which may be different from line to line

or in the same line throughout our paper.
2 Preliminaries

We write H=L*(Q) and V=H} (Q) , the sca-
lar products and norms on H and V are denoted

bY('9')9‘ M \and (('9 '))9“ ° H’respeC7

tively. Without loss of generality, we introduce
the family of Hilbert spaces I, =D(AY?), VY s€R,
with the standard inner products and norms, re-
spectively,

Coy o pazy =(AY2 o LAY o),

| o [ paz = [A” - |.
Then,for t€R and —1<s<<1,let I} =1,;,, endowed
with the time-dependent norm

lwllt = lull?+e@ [[ulim.
Especially, H=1, =L*(Q), V=1, =H.(Q),D(A)
=1, =H,(Q) NH*(Q.

Definition 2. 1 (Condition(C,))™""
U(t,7) is said to satisfy Condition (C,) in time-

The process

dependent space if for any bounded set B, of X,
and for any {0 there exists r; <<t and a finite di-
mensional subspace X, of X,,such that { | PU(z,
)B. | } is bounded and

[ (I-P)UGsx | x, <€t <rcsx€DB,,
where P.X,—X, is a bounded projector.

Theorem 2, 2117/

a family of Banach spaces { X, },cx. Then there is

Let U(z,7) be a process in

a time-dependent global attractor A ={A, },crfor
U(C-, +) in X, if the following conditions hold:

(i) U(z,7) has a pullback absorbing family B
={B. }er;

(i) U(z, o) is Condition (C,).

In order to obtain the main results, we need
the following properties of compactness about the
nonlinear operator f. It can be easily proved ac-
cording to (2)~(5),s0 we omit it.

Lemma 2.3 Suppose that f€C'(R,R) with
(5) and let f: D(A)—V be defined by

((f(wsv)) = JQf’(u)VuV’de, YueD(A),
VUEV’

Then f is continuous compact,
Lemma 2. 4"

tive, locally summable functions on [z, + ), € R,

Let ®, r,7r, be nonnega-

which satisfy the differential inequality

%(D(z) Fa®d () <r ()

Fr (D ()t El 7y +o0)
for a>0 and 0<<h<<1. Assume also that

t+1
mj:supj ri(ydy<<wo,j=1,2,
=7t
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then

(1) <%@<T>ew*f> Jr%m Cla)

+[m,Clab) 11/bst €[ 75 +0),

v

[S

where C(y) = .
1—e

3 Main results

Lemma 3. 1"'*%)  Assume that (2) ~ (5)
hold. Then for any initial data «, € I, and any T >
7, there exists a unique solution u of (1) such that
ueC( 7z, T];1,). Furthermore, if u, € I', then u
satisfies u € C([ 7z, T ]; I'), and the solution de-
pends on the initial data continuously in I}.

It follows from Lemma 3. 1 that a family of maps
U(t,o): I,—1, acting as U(t, ) u, =u(t) define a
strongly continuous process on a family of spaces I;.

Lemma 3.2 Assume that (2)~ (4) hold.
Let U(t,7) u, be the solution of (1) with initial
value u, € I,. Then there exists a positive con-
stant K,such that

Allu) 12+ +e@) ul@® 1<K,

Vo<t — ¢ @)

Lemma 3.3 Assume that (2),(3) and (5)
hold. Then there exists a time-dependent absorbi-
ng set B={B,(p1) },erin I; for the process U(z,7)
corresponding to the problem (1).

Proof Multiplying the equation (1) by 2Au
and integrating on ,we find that

AL 15 +e T3] w15+

2lulld+2x lull?=
(fQw) ,2Aw) +(g(x2) ,2Au) (8)
Recalling the Sobolev embeding H*® —L* (r<<5)
and the interpolation inequality
o s <C w115 ITa 1375,
for all u€I! and combining with (5) and (7),we have

|G 2Au) | <2 J'Qc<1+ a1 Audr<

CA+ w375 +% K 9
Together with (8)~(9),it follows that
ALt +e Tu 3]+

A=) lulld+22 lu 1<
CH2lgl?+Cllwllg?s.
Due to the boundedness of e(z) and (2) ,there ex-

ists a positive constantlsuch that ¢ (#) <L, and
then it leads to

A=) ul3= 1 17252 15 (10)
Let y(&) = llu 1§ +e(@) |« | ? and choose

:min{%,ZA} with L.A=0. Then we obtain

iym Yoy (D=CH2 g 2+

Cy* (1) st =t,.

By Lemma 2. 4, we conclude that

y(1) <5%ry(to)e*“1“*’o’ +K, st =t

where
K== (C+2 ] g |Dman) +
[Cm (P22 (5577’) )15/(5—r).

Thus we have
lu(e) 17 +e@ lult) |5

L) 11+

e(ty) llulty) 13]e v +K,.
So

B={u€B (p): | u® |1 +e@® lul®) 170, }
is a time-dependent absorbing set in I}.

Theorem 3.4 Assume that (2)~(3) and (5)
hold, then the process U(t,z): I}—1I; generated
by the problem (1) satisfies Condition (C,) in I}.

Proof Let {w,}7-; be a orthogonal basis of
I} which consists of eigenvalues of A=—A. The
corresponding eigenvalues are denoted by 0<); <
Ay <3 << <<mer A >0 with Awy =l s VEEN.
Let V,,=span{w;s***sw,} in V and let P,,:V—>V,,
be an orthogonal projector. We write

u=P,u+{U—P, Du=u, tu,.

Multiplying the equation (1) by 2Au, and in-
tegrating on (), we find that

ALy 15 +e s 131

€@ lus 1342wy 134+22 lus [17=

(FQuw) s 2Auy) +(g(x) s 2Aus) an
Since g € L* (Q) and f:D(A)—>V is compact,
from Lemma 2. 3, there exists some m such that

for any >0,
| I=Pg <% I =P, f I <.

Combining with (10), (11),we conclude that
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S we 15460 lus 18] +aoClus 15+
e llus |15 <Cy
where a> :min{%, 21} with L, A>0. By the

Gronwall Lemma, it follows that
s 15 +e@ lu, 5
Clla () 17 +e@) Tu () [13)e 20 +
K;,t=t (12)

where K, :(ﬁ;. Taking
az

B § 2
fg tl +a2171(a2p1/C1] )7
from Lemma 3. 2 and (12) ,we conclude that
Ll +e) Tu | 3<CA+Dog Wiz,
2

Thus we obtain that the process U(t,7) satisfies
Condition (C,).

Theorem 3. 5 Assume that the conditions
(2)~(5) hold, then the process U (t,z): I} —1I}
generated by the problem (1) has a invariant
time-dependent global attractor A ={A, } ,cx.

Proof It follows from lemma 3. 3 and Theo-
rem 3. 4 that the problem (1) exists a unique
time-dependent global attractor A={A,},cr. The

proof is complete,
References:

[1] Aifantis E C. On the problem of diffusion in solids
[J]. Acta Mech, 1980, 37 265.

[2] Kuttler K, Aifantis E C. Existence and uniqueness
in nonclassical diffusion [ J]. Q Appl Math, 1987,
45: 549.

[3] Lions J L, Magenes E. Non-homogeneous boundary
value problems and applications [ M ]. Berlin;
Springer-Verlag, 1972.

[4] Xiao Y L. Attractors for a nonclassical diffusion equation
[J]. Acta Math Appl Sin: Engl Ser, 2002, 18; 273.

[5] SunCY, Wang SY, Zhong C K. Global attractors
for a nonclassical diffusion equation [ J]. Acta Math
Appl Sin E, 2007, 23; 1271.

[6] LiuYF, MaQZ Exponential attractors for a non-

(8]

[9]

[10]

[11]

[12]

[13]

[16]

[17]

[18]

classical diffusion equation [ J]. Electron J Differ
Eq. 2009, 9; 1. 7.

Ma Q Z, Liu Y F, Zhang F H. Global attractors in
H' (RY) for nonclassical diffusion equation [ ]].
Discrete Dyn Nat Soc, 2012, 2012; 672.

Sun CY, Yang M H. Dynamics of the nonclassical
diffusion equations [ J |. Asymptotic Anal, 2008,
59: 51.

Wu H Q, Zhang Z Y. Asymptotic regularity for the
nonclassical diffusion equation with lower regular
forcing term [J]. Dynam Syst, 2011, 26 391.

Xie Y Q, Li QS, Zhu K X. Attractors for nonclas-
sical diffusion equations with arbitrsry polynomial
growth nonlinearity [ ] ]. Nonlinear Anal: Real,
2016, 31., 23.

Ding T, Liu Y F. Time-dependent global attractor
for the nonclassical diffusion equations [ J]. Appl A-
nal, 2015, 94 1439,

Wang X P, Ma Q Z. Asymptotic sturcture of time-
dependent global attractors for the nonclassical dif-
fusion equations [ J]. J Sichuan Univ: Nat Sci Ed,
2016, 53: 508.

Ma Q Z, Wang X P, Xu L. Existence and regularity
of time-dependent global attractors for the nonclas-
sicalreaction-diffusion equations with lower forcing
term [ J]. Bound Value Probl, 2016, 2016, 10.
Pata V, Conti M. Asymptotic structure of the at-
tractor for process on time-dependent spaces|[ ] ].
Nonlinear Anal: Real, 2014, 19. 1.

Conti M, Pata V, Temam R.
process on time-dependent spaces, Applications to
2013,

attractors for the
wave equation [ ] |. ] Differ Equations,
255, 1254.

Liu T T, Ma Q Z. Time-dependent global attractor
of nonlinear evolution equation with nonlinear damp-
ing [J]. J Sichuan Univ: Nat Sci Ed, 2017,
54, 917,

Meng F J, Liu C C. Necessary and sufficient conditions
for the existence of time-dependent global attractor and
application[ ] ]. ] Math Phys, 2017, 58. 1.

Claudio G, Munoz J E, Pata V. Global attractors
for a semilinear hyperbolic equation in viscoelasticity

[J1. J Math Anal Appl, 2001, 260 83.

{ Bl AA XK

PooC TR IS BRBS. AL O R RO RS T REAERE (1. MUK B AR

ﬁ J#L. 2018, 55; 1133,

B

; P& X:Wang J, Ma Q Z, Yao X B. Existence of time-dependent strong global attractors for nonclassical diffusion e- +

+ quation [ J]. J Sichuan Univ; Nat Sci Ed, 2018, 55; 1133.

+

S S S S G L S S G S S O O S PO S



