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Abstract; A Lehmer number modulo an odd prime p is an integer a with 1<Xa<{p —1 and a +a~' is odd.

Let M, denote the number of Lehmer number modulo p, Zhang has shown that M, - +0(p?

log®p) in 1994. Let ¢c=2 be an positive integer, d €[ 0,c —1] be an integer. For every p=1 (mod ¢), a

is called to be a (¢,d)-Lehmer number modulo p, if a +a ' =d (mod ¢). Let M., , denote the number

of (¢ d)-Lehmer number modulo p. In this paper, it is proved that M, 4., :p:1 +O(p% log?p). If ¢=

2.d =1, the Zhang’s formula is recovered.
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a '<p—1 such that aa ' =1 (mod p). We say a
that is a Lehmer number™* modulo p if a +a ' =
Let p be an odd prime and a an integer with 1 1 (mod 2).i.e. ata'is odd. From this defini-

<a<<p—1. Define a™' to be the integer with 1<C tion, we see that if a is a Lehmer number, then
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a ! will also be a Lehmer number. An easy calcu-
lation shows that there are no Lehmer numbers
modulo p when p=3 or 7. Zhang'™ showed that
M, , the number of Lehmer numbers modulo p,

satisfies that
M, :%1 Jr()(p% log® p).

In this paper, we introduce the concept of
generalized LLehmer number, i. e., the so-called
(¢,d)-Lehmer number. Let ¢=2 andd €[0,c—1]]
be integers. From Dirichlet’s theorem, we know
there are infinitely many prime number p, such
that p=1 (mod ¢). We say a is a (¢,d)-Lehmer
number modulo p if 1<<a<{p—1 and a +a ' =d
(mod ¢). We are interested in the asymptotic be-
havior of such number. Let M., , denote the
number of Lehmer number modulo p, Then we
will show that

Theorem 1.1  Let M, ,, be the number of

(¢sd)-Lehmer numbers in [1,p—1]. Then
M., =22 +00pt 1og .
When ¢=2.,d=1, it reduces to Zhang’s formula.

2 Preliminary lemmas

In this section, we give some lemmas of the
main result of this paper.

We give some notations at first, which will
be used through the whole paper. In this paper, ¢
will always denote a positive integer and ¢=2, d
is an integer satisfies 0<<d<<c—1, p will denote a
prime number satisfies p=1 (mod ¢). From Lem-
ma 2. 1, we know such p are infinitely many. For
positive integer a,» 1<<a<<p —1.,a ' denote a posi-
tive integer smaller than p, satisfies aa™' =
(mod p). And for any positive integer n, let ¢,
=ev, ie ¢, 1s a primitive n-th root of unity.

Let R(x) be Riemann-¢ function’s partial

sum at s=1,1. e. ,

R(x): =1,

n=x N
Let K(j,k, p) denote the Kloosterman sum of

variable j,k, i.e. ,

KGokap):= ngﬂﬂ l

Lemma 2. 1" Let £ and / be integers such
that £#=2,1</ <k and ged (L, k)=1. Let A(k,D):
={l+kt|t=0})={(n>0:n=[ (mod k£)}. Then
AC(k,1) contains infinitely many prime numbers.

Let a be a real number such

i 1

ji=oa Jr]

Lemma 2. 2

that 0<<a<(1 and let S,(a): Then

S, (a) =0Oogp).
Proof We know that for the partial sum of
Riemann zeta function R(x), we have the follow-

ing asymptotic function

R(x) = 2* *longr(JJrO(*) ;

n=x

where C=0. 577. .. is the Euler constant. Therefore

S, (a>——+ﬁi< +ﬁ1]1

Z +R(p) =logp +C, +()(;) ,
where C, is a constant depended only on a.
Lemma 2. 3")  We have

KGokap) | <2p.

Lemma 2.4 Let 1<<t<{c—1 and

SHN
T .
S
Then T, =0(plogp).
Proof We see clearly that ¢, and ¢! are

points on the unit circle. And their angles be-

. 2 2mt 2
tween the z-axis are “* and £ Let 20= 2T
b c p
2wt t .
EX, so 0= |% —T™|. From the geometric mean-
ing of [ ¢}, —¢! |, it denotes the distance of the

point ¢, between the point ¢!, so we have |}, — ¢!

| =2 sin . We should consider the situation that

O<6’<f and = <6<7c, so we will divide T, into

two parts. Therefore

’ S g w7l =1, L. 2

_ sin| | 2sin| = |

12— <F F<E 2 < ¢
2 2

We will estimate them separately. First of

sinx

all, we have the inequality — 2 <7 <1 with 0<<

<X, and then we have L <. Using the

S
2 sinr  2x

last inequality on the first sum, we have
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%14 k%,
p—1
)y L <>y—=r =
p—1 .oy w7l i=0 e 7l
2sin| =~ —~| = =
ﬂ,ﬂf‘{iﬂ P C P
P < 2
124 1 7£/’71 1
41§)‘L7i‘ 4[70|i7ﬂ|.
p c c

Since p=1 (mod ¢), so p=mc+1, where m is a

.. . t t
positive integer, so Lt -0—7 and p —2 —mt>
B

0. Thus
eI 1 pRd 1
41':0‘ _ﬂ‘ 4[20‘1_ml_7|
c
p—1 mt
by L 481 -
i=mt+1 . mi —-= i=0 ; +mz‘—1
p—1 1 mt 1
102 tET T
i=mt mi— i Loy
C C
p—2—mt mt
%( 2 ! +2 tl )<
R B e H)T_Jri

i+a—Ly Tl
c c
By LLemma 2. 2, we have

) +ﬁ

+(1**)

*O(logp) >

so the first sum is bounded by p log p.

Similarly, one has

—1
%E L <
1‘:0. ZSI T ‘
g\/\%fﬂ\w
BES s _
4 = ‘ll Ttt| B
p C
A 1 -
4 = t o
pli P
p—1
be———<
. pf\z’fmzf;\
%(i t +3 Ly —0logp).
i) '0—+z

This finishes the proof of LLemma 2. 4.

3 Proofs of Theorem 1. 1

In this section, we prove Theorem 1. 1. First

of all, from the definition of (¢,d)-Lehmer num-

ber, we can easily check that

L L gt(qua ) (1)

a=11=

From (1), we have

b
M( " 1‘7 1 Z Zgz((ﬁ’u

C a=1t=0

cM,.q.,

'

p 2 2 gt(u‘ﬁz 1*zl)

C (ult

Let
E _7 2 E Ct(u“ra l*d) (2)

C a=1t=
Now we will mainly estimate (2),for every 1<t

<c—1, we have

)
a — _— treila— r)
g =S Sy

P
Similarly, one has
w ! 1/)7 S ts o j(a 1*7’)
& j) s=0j Z§ & )

For any 1<i<<c—1, let
p—1 —1
E = 5((1‘%(1 d).
! a21§
Then we have
_a 1
E =¢" E §T§fz =
p—1
C:/d Zl 2 2 Clrgl(a )

p—1p—1 o

(EZer =
P

*tdp 1p—1

SOPHONTANDE

( 2 e, 2 CEeL.
r=0 s=0
p—1 X
Now 2] i " is a Kloosterman sum. From Lemma
a=1
2.3, for every i,j we have

KGajap)| =] ng, <2pr (3

~Serei.

. = .
g;lgisi.t — Zogf‘(ﬁr])gp iGr+1) —
r=
=¢., since p=1 (mod ¢).

Let S;, Then we have

S, —1+¢.

The last identity used &*

An easy calculation shows that

Su=p L=k le

§r'ti—1 58
Similarly, we have
S =Bt =t

By triangle inequality and easy calculations, we have

e —
SI[< Sl/< <
s <S5 <g 1 5
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p—1 g
2l :p‘ Sl

25| |
Slegl
It follows from Lemma 2. 4 that
p—1
S
=0
Similarly,
—1
IE%SLJ=:CXzﬂogp) 5)
=
So by (3),(5), we have

|Ewﬂ¥ﬁiiwww-

=0O(plogp) 4

S Spgl <

2P2|2251,s,,\

i=0;=0

> 1 1
207 (S50 (Sls <
p =0 7=0

Zﬁfcll)log]) « Cyplogp

=O(p? log? p).

c—1 1
But E= ZIE, , so E=0(p7log’p). This finishes

the proof of Theorem 1. 1.
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