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Abstract: The union-closed sets conjecture (Frankl’s conjecture) says that for any finite union-closed

family of finite sets, other than the family consisting only of the empty set, there exists an element that

belongs to at least half of the sets in the family. Recently, two stronger versions of Frankl’s conjecture

(S,-Frankl conjecture and S,-Frankl conjecture for short) were introduced and partial proofs were given.

In particular, it was proved that S;-Frankl conjecture holds if #<5, where #n is the number of all the ele-

ments in the family of sets. In this paper and its sister paper, we prove that it holds if n=6. This is the

first part of the proof.
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1 Introduction

A family F of sets is union-closed if A,B€F
implies A U B € F. For simplicity, denote n =
| UacrA | and m=|F].

In 1979, Frankl"* conjectured that for any
finite union-closed family of finite sets, other

than the family consisting only of the empty set,

Wi A 2018-09-06

there exists an element that belongs to at least
half of the sets in the family. If a union-closed
family F' contains a set with one element or two
elements, then Frankl’s conjecture holds for F*!,
In addi-
tion, Ref. [4] proved that Frankl’s conjecture

The result was extended by Poonen'*'.

holds if 7<<7 or m<C28, and presented an equiva-

lent lattice formulation of Frankl’s conjecture.
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Bosnjak and Markovi¢™ proved that Frankl’s con-
jecture holds if n <<11. Zivkovi¢ and Vuckovié
gave a computer assisted proof in “The 12-ele-
of Frankl’s conjecture,
(2012)” that Frankl’s conjecture holds if » <12,

which together with Faro’s result'™ (see also Ro-

ment case Preprint

berts and Simposon-™) implies that Frankl’s con-
jecture is true if m <<50. For more progress on
Frankl’s conjecture, we refer to Refs. [ 3,8-16].

Let M, ={1,2,++,n} and FC2" ={A.AC
M, } with UaerA =M,. Suppose that F is union-
closed. Without loss of generality, we assume
that & € F. For any #=1,2,+**,n, define

M, ={Ae2" . |A| =k},
and

T(F) =inf{l<k<n:FNM,#J}.

Then 1<<T(F) <n. By virtue of T(F), Ref.[17]
introduced the following two stronger versions of
Frankl’s conjecture:

S,-Frankl conjecture;: If n==2 and T(F) =k
€{2,+-.n}, then there exist at least & elements
in M, which belong to at least half of the sets
in F;

S;-Frankl conjecture;: If n==2 and T(F) =k
c { 2 , o
ments in M, which belong to at least half of the

-,n}, then there exist at least two ele-

sets in F.

We need the following lemma, which has
been used in some proofs in Ref. [ 17 ].

Lemma 1.1 Suppose that M is a finite set
with |M| =2 and GC{ACM. |A| =|M| —1}. If
|G| =2, then all the elements in M belong to at
least |G| —1 set(s) in G.

Proof Without loss of generality, we as-
sume that M=M, ={1,2,++-,n} with n==2. Then
G is a subset of M,  ={ACM,.|A| =n—1}.
Notice that for any : € {1,2,+**,n}, it belongs to
all the sets in M,—, except the set M,\{i}. Hence
all the elements in M belong to at least |G| —1
set(s) in G.

When we consider S,-Frankl conjecture for
the case that n=6, by section 2 of Ref. [17], we
know that if T(F) €{4,5,6}, then there exist at
least T (F) elements in M; which belong to at

least half of the sets in F. Thus we need only to
consider the two cases T(F) =3 and T(F) =2. In
next section, we will prove that S;-Frankl conjec-
ture holds when n=6 and T(F) =3. The proof
for the case that n =6 and T(F) =2 will be given

in a sister paper.

2 S,-Frankl conjecture for n =6
and T(F) =3

Let My ={1,2,++-.6} and FC2"% ={A.AC
M;} with UacrA =M. Suppose that F is union-
closed and & €F. For k=1,2,+++,6, define

M, ={Ae2% . |A| =k} ,n,=|FNM,]|,
and

T(F) =inf{1<k<6.n, >0}.

Then 1<<T(F) <6.

In the following, we assume that T(F) =3,
and will prove that there exist at least 3 elements
in M; which belong to at least half of the sets in
F. We have 4 cases;: F={J.M;} UG;, F={J,
M} UG; UG;, F={J,M;} UG; UG, and F =
{T .M} UG; UG, UG;, where G; is a nonempty
subset of M; for i=3,4,5.

2.1 F={J,M} UGs

We have two subcases: n; =1 and n; = 2.
Throughout the rest of this paper, we omit the
sentences of this type. Denote G; ={Gy ,** .G, i

(1) ny =1. Now G; ={G,}. Then all the 3
elements in G, belong to two sets among the three
sets in F.

(2) ny=2. For any i,j=1,*,n3,i7%j, we
must have G; UG; =M;, which implies that G, N
G, =J. Hence n; =2. Now all the 6 elements in
M belong to two sets among the four sets in F.
2.2 F={J,M} UG; UGs

Denote Gy ={Gy,+*,G,, } and Gs ={H,, -,
H, ).

(1) n;=1. Now G; ={H, }.
generality, we assume that H, ={1,2,3,4,5}.

(1.1) n; =1. Now G; ={G; }. Notice that all
the elements in G; U {1,2,3,4,5) belong to at
least one of the two sets Gy and {1,2,3,4,5}.
Then we know that all the elements in G, U{1,2,
3,4,5} belong to at least half of the sets in F.

Without loss of
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(1.2) ny=2. Foranyi,j=1,,n3,17%j, we
have G; UG, =M; or G; UG, ={1,2,3,4,5}.

(1.2.1) ny is an even number and there is a
permutation (i, +*+,, ) of (1,++,n;) such that

G, UG, =+-=G; UG, =M. Then all the 6

elements in M; belong to half of the sets in G; and
thus all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in F.

(1.2.2) n; is an odd number and there is a
permutation (iy, <=+, ) of (1,++,ny) such that
Gi, UG, === :Ginfz UG,-HB?1 =M;. Then all the 6
elements in M belong to half of the sets in {G;, ,

.
e

2,3.,4,5} belong to at least half of the sets in F.

.+ and thus all the elements in G; U{1,
3

(1. 2.3) We can decompose G; into two dis-
joint parts {G; »+++,G;, } (hereafter this part may
be an empty set) and {G,-ZH1 y v, ang }s where
{ivserrsiy t ={1s-=+sns5}, ny —2k=2, and

) G, UG, =+ =G, UG, =Ms;

(i1) for any two different indexes {7,7) from
w10 Gi UG ={1,2,3,4,5}.

Then all the 6 elements in Mg belong to half of the
sets in {G; ++++.G,

we assume that G,

igf—1 ik

{i2k+1 9"'9i

}. Without loss of generality,
- {],2, 3} By (i), we

know that for any j =iz z,%*51

ik
k41

ny 9

G;€{{1,4,5},{2,4,5},{3,4,5}}.

Since |{1,4,5}U{2,4,5}|=1{1,4,5} U{3,4,5}]
=1{2,4,5y U{3.,4,5} | =4, by (il) again, we
know that in this case n; —2k =2. Then we know
that all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in F.

(2) n;=2. By Lemma 1.1, we know that all
the 6 elements in M; belong to at least 75 —1 set
(s) in G; and thus belong to at least half of the
sets in G;. Hence it is enough to show that there
exist at least 3 elements in M; which belong to at
least half of the sets in G.

(2.1) n3=1. Now G;={G,}. Then all the 3
elements in G, satisfy the condition.

(2.2) ny=2. Forany i,j=1,*,n3,17%j, we
have G; UG; =M; or |G; UG, | =5.

(2.2.1) ny is an even number and there is a

sy, ) of (1,++,n3) such that

permutation (7;, "+

Gi, UG, =+ :G,-”f] UG,-”3 =M;. Then all the 6
elements in M belong to half of the sets in Gs.
(2.2.2) ns is an odd number and there is a
permutation (z;, -+, 7,, ) of (1,++,n;) such that
Gi, UG, === :Gi”f2 UG,-HS?1 =M;. Then all the 6
elements in M; belong to half of the sets in {G
e

ng —1
3

i

} and thus all the 3 elements in G,-”2 be-
long to at least half of the sets in Gj.

(2.2.3) We can decompose Gj; into two dis-
}oand {G;, sy Gi, }s
uy ) ={1ssssnsty ny —2k =2, and
) G, UG, =++=G,, UG, =Ms;

(i1) for any two different indexes {i,j} from
w12 |G UGS | =5,

Then all the 6 elements in My belong to half of the
sets in {G

joint parts {G; » . Gy,
where {7; .1

ioe—1 ik

{i2k+1 7'"7i

2++5Gy, ). Without loss of generality,
i, —{1,2,3}. By (i), we

know that for any j =iz z2,%*51

i
we assume that G,

ng ?

G;€{{1,4,5},{2,4,5},{3,4,5},{1,4,6},
{2,4,6},{3,4,6},{1,5,6},{2,5,6},{3,5,6}}.
Since |[{1,4,5} U{2.4,5} | =|{1,4,5} U{3,4,5}]
=[{2,4,5} U{3,4,5} | =4, by (ii) again, we
know that [{G,, | ,"',G,'“3 yN{{1,4,5}.,{2,4,5},
{3,4,5}}|<1. Similarly, we have that
G, 9"'9(;1'”3}ﬂ{{17496}9{29496}9{394,6}}|<19

i+

‘{Gz 9"'9Gi }ﬂ{{19576}9{29596}9{3’596}}|<1

2k+1 ng

Hence we need only to consider the following 3

cases.
(2.2.3.1) ny — 2k =2, Take ‘ {G’éHl
G, ) N{{1,4,5},(2,4,5},{3,4,5}} | =1 for ex-

oo
’ 9

ample. Without loss of generality, we assume
that {G, 7"'9G;‘713}:{{172’3}9{17495}}. NOW

all the 5 elements in {1,2,3,4,5} belong to at

2k+1

least half of the sets in Gj.

(2.2.3.2) ny —2 =3. Take | (G,
G, JNL,4,5),02.4,5),(3,4,5}0) | =1 =|
Gy, oGy PN L4468} (2,456}, (3,4,6) ) |
for example. .Without loss of generality, we as-
’.Zkfl’“.’Gin.;}:{{1’2’3}’{1’4’5},
{2,4,6}}. Now all the 3 elements in {1,2,4} be-

long to at least half of the sets in Gs.
(2.2.3.3) ny —2k =4, Without loss of gen-

y o0y

k41

sume that {G
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ipi ""’Gins}:{{laza

3}511,4,5},{2,4,6},{3,5,6}}. Now all the 6 el-

ements in M; belong to at least half of the sets

in Gs.

2.3 F={J,M} UG; UG,

Denote G ={G, -+, G,,

I

(1) ny=1. Now G, ={H, }.

generality, we assume that H, ={1,2,3,4}.
(1.1) ny; =1. Now G; ={G,}. Then all the

elements in G, U{1,2,3,4} belong to at least half

of the sets in F.

erality, we assume that {G

} and G, ={H;, -+,
Hﬂ4

Without loss of

(1.2) ny=2. Foranyi,j=1,*,n3,17%j, we
have G; UG, =M; or G; UG, ={1,2,3,4}.

(1.2.1) ny is an even number and there is a
u ) of (1,
G, UG, == :Gl},g—l UGI-”3 =M;.

elements in M; belong to half of the sets in G; and

-, ny) such that
Then all the 6

permutation (Z;,°**,1

thus all the 4 elements in {1,2,3,4} belong to at
least half of the sets in F.

(1.2.2) n3 is an odd number and there is a
permutation (iy,+=+,7, ) of (1,++,n3) such that

G,‘] LJ(},‘2 e :G,'” UGI :MG. Then aH the 6

—2 ng

—1

elements in M; belong to half of the sets in {Gil ,
°-,G,~”%7l } and thus all the elements in GI}I% U{1,
2,3,4} belong to at least half of the sets in F.

(1. 2. 3) We can decompose G; into two dis-
i, +oand {Gy ooy G,‘”3 Yo
wyt ={1s=sssmsfy ny —2k =2, and

(D) G, UG, =+ =G, UG, =M;;

(i1) for any two different indexes {7,;) from
{iggrraoesin, 110G UG ={1,2,3,4}.
Then all the 6 elements in M; belong to half of the

joint parts {G; , =, G,
where {7,541

igp—1 ik

sets in {G; ,+++,G;, . By Lemma 1. 1, we know

that all the 4 elements in {1,2,3,4} belong to at

least n; — 2k —1 set(s) in {G,, . G; } and
2 vy

thus belong to at least half of the sets in {G

..’G’v }

{1,2,3,4} belong to at least half of the sets in F.

inpt1 *

Hence in this case, all the 4 elements in

(2) ny=2. For any i,j =1, ,ny,17%j, we
must have H; UH; =M;.

We claim that all the 6 elements in M; belong
to at least half of the sets in G,. In fact, if n, =2k

is an even number, then H, UH, =+ =H,,, U
H,, =M and thus all the 6 elements in M belong
to at least half of the sets in G,. If n, =2k +1 is
an odd number, then by

H,UH,=++=H,  UHy, =M,
we know that all the 4 elements in Hj.+, belong
to at least half of the sets in G,; by

H, UH; =++=H, UHy =Ms,
we know that all the 4 elements in G, belong to at
least half of the sets in G, by H; UHy =M,
we know that all the 6 elements in M belong to at
least half of the sets in G,. Hence it is enough to
show that there exist 3 elements in My which be-
long to at least half of the sets in G;s.

(2.1) n;=1. Now G; ={G,}. Then all the 3
elements in G, satisfy the condition.

(2.2) ny=2. Foranyi,j=1,,n3,i7%j, we
have G, UG, =M; or |G, UG; | =4.

(2.2.1) n; is an even number and there is a
permutation (i;, <=+, ) of (1,++,n;) such that
Gi, UG, === :G,-nf1 UG,-“3 =M;. Then all the 6
elements in M; belong to half of the sets in G;.

(2.2.2) ns is an odd number and there is a
permutation (iy,+++,7, ) of (1,++,n;) such that
G, UG, == :G[”fz UGI'7,3—1 =M;. Then all the 6
elements in M; belong to half of the sets in {G,

e

i

» } and thus all the 3 elements in G,-“3 be-
long to at least half of the sets in Gs.

(2.2.3) We can decompose G; into two dis-
L+ and {G ,"',Gi”3 by
where {757, } ={1,=uny}, ny —2k=>2, and

D G, UG, =+ =G, UG, =Ms;

(i1) for any two different indexes {i,j} from
141G UG, | —t.
Then all the 6 elements in M belong to half of the

joint parts {G; » . G;

241

ik
{Zopy1s00nsi

sets in {G;, oG, }. Without loss of generality,
={1,2,3}. By (i), we
know that for any j =iysss-0si, s Gy € {{1,2,
4},{1,3,4},{2,3,4},{1,2,5},{1,3,5},{2,3,5},
{1,2,6},{1,3,6},{2,3,6}}.
Denote
H,={{1,2,4},{1,3,4}.,{2.3,4}},
Hs;={{1,2,5},{1,3,5},{2,3,5}},
H;={{1,2,6},{1,3,6},{2,3,6}}.

we assume that G,
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For any A€ H,,B€ H;,C& H;, we have

{1,2,3 UAUB={1,2,3,4,5},

{1,2,3} UAUC={1,2,3,4,6},

{1,2,3y UBUC={1,2,3,5,6}.
By F={J ,M;} UG; UG, without loss of gener-
ality, we can assume that

FNH,#J,FNH; =FNH;=J.

Now, by Lemma 1. 1, we know that all the 4 ele-
ments in {1,2,3,4} belong to at least n; —2k —1
set(s) in {G ,---,G,-”? }» and thus belong to at

least half of the sets in Gj.
2.4 F={J,M}UG; UG, UGs

Denote G;={Gy .G, } .G, ={H,,---, H, }
and G, = (1, .o-.1,. ).

(1) n5; =1. Now G; ={1,}.
generality, we assume that I, ={1,2,3,4,5}.

(1.1) n,=1. Now G, ={H, }.

(1.1. 1) ns =1. Now G; ={G,}. If H CI,,
then all the 4 elements in H, belong to at least

Iot1

Without loss of

two sets among the three sets in G; UG, UG; and
thus belong to at least half of the sets in F. If H,
&1I,, then H, UI, =M; and thus in this case all
the 3 elements in G; belong to at least half of the
sets in F.

(1.1.2) n; =2. Now for any i.j =1,*,n5,1
#j, we have G; UG; =M; or G, UG, =1, ={1,2,
3,4,5}) or G; UG, =H,.

(1.1.2.1) ny is an even number and there ex-
ists a permutation (7;,+*,7,, ) of (1,+++,n3) such
that G, UG, =+ :G""rl UG,”% =M;. Then all
the 6 elements in M; belong to half of the sets in
G;. Hence all the elements in H, UI, belong to at
least half of the sets in F.

(1. 1. 2. 2) ny is an odd number and there ex-
ists a permutation (7;,+++,7, ) of (1,+++,n;) such

that G, UG, =+ =G, | UG,-M? =M. Then all

1

the 6 elements in M; belong to half of the sets in
{G oG po I Hy C I, then all the 4 ele-

ments in H,; belong to at least two sets among the

i
1

three sets in {G% ,H,,1,} and thus belong to at
least half of the setsin F. If H, £1,, then H, U

I, =M; and thus in this case all the 3 elements in

G; belong to at least half of the sets in F.
3

(1.1.2.3) We can decompose G; into two
disjoint parts {G; +**+.G;, } and {G ’""an? Y
where {i, .7, } ={1.,=**sns} s ny —2k =2, and

) G, UG, =+ =G, UG, =Ms;

(i1) for any two different indexes {i,j} from
{igi1svsin 15G UG, =1, ={1,2,3,4,5} or G, U
G;=H,.

Then all the 6 elements in M belong to half of the
sets in {G; .Gy, ).

(a) H C{1,2,3,4,5}. Without loss of gen-
erality, we assume that H, ={1,2,3,4}.

941

Iop—1 ik

(a.1) ny —2k is an even number and there
exists a permutation (jys**s 7, —2) of Ciyrysees

in,) such that G; UG;, =+ =G; UG;

2k—1

ng 2k
{1,2,3,4,5}. Then all the 5 elements in {1,2,3,
4,5} belong to at least half of the sets in {G,, |

«=«,(;; }. Note that all the 5 elements in {1,2,3,
”3

4,5} belong to at least one of the two sets H; and
I,. Then we know that in this case, all the 5 ele-
ments in {1,2,3,4,5} belong to at least half of
the sets in F.

(a.2) ny; —2k is an odd number and there ex-
ists a permutation (jys+**s 7, —o) Of (yrrseeesi,)
such that G; UG;, =+ :G]-”f%2 UGLW%1 ={1,
2,3,4,5}. Then all the 5 elements in {1,2,3,4,
5} belong to at least half of the sets in {Gj, -,
(— }. Note that all the 4 elements in {1,2,3,
4} belong to at least two sets among the three
sets {Gj”f% ,H,,I,}. Then we know that in this

case, all the 4 elements in {1,2,3,4} belong to at
least half of the sets in F.
.Gy ) in-

} and {G;

) j713*2k ) =

(a. 3) We can decompose {G;,, .|
to two disjoint parts {G; .+, G;
-, Gj”3 i
in s ny—2k—20=2, and

(i) G, UG, =-+=G,, , UG, ={1.2.3.4,

2 20417

}s where {j,, {Zong1s o5

53

(iv) for any two different indexes {7,;} from
{jZlvl 7"'?].7137%} .G, UG]' =H, :{172’394}-
Then all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in {G]-l Gy, . By Lem-
ma 1. 1, we know that all the 4 elements in {1,2,

3,4} belong to at least ny —2k —27—1 set(s) in
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{G;

J214-1

} and thus belong to at least half
e 9

ng —2k

—2k

‘
|

of the sets in {G;

i Hence in this
case, all the 4 elements in {1,2,3,4} belong to at
least half of the sets in F,

(b) H &{1,2,3,4,5}. Without loss of gen-
erality, we assume that H, ={1,2,3,6). By fol-
lowing the proof in (a), we can get that in this
case all the 3 elements in {1,2,3} belong to at
least half of the sets in F.

(1. 2) ny =2. Now for any i,j =1, , 0,17
j» we have H,UH; =M; or H; UH, =1, ={1,2,
3.4,5).

(1.2.1) n, is an even number and there ex-
ists a permutation (7;,+**,7, ) of (1,+++,n,) such
that H; UH, =-- :H,v”r1 UH,v”/1 =M. Then all
the 6 elements in M; belong to at least half of the
sets in G;.

(1.2.1.1) ny =1. Now G; = {G, }.
case, all the elements in G, UI, belong to at least
half of the sets in F.

(1.2.1.2) n; =2, Now for any i,j =1, -,
n3si#j, we have G; UG, =M; or G, UG; =1, =
{1,2,3,4,5} or |G, UG; | =4.

(a) n; is an even number and there exists a
permutation (ji, s j,, ) of (1,++,n3;) such that
G, UG, =+ :Gj”fl UG]”3 =M;. Then all the 6

elements in M; belong to half of the sets in Gs.

In this

Hence in this case all the 5 elements in I, belong
to at least half of the sets in F.

(b) ny is an odd number and there exists a
permutation (jy,+**,j, ) of (1,++,n3) such that
G;, UG, == :GiH%*Z UG,'”Fl =M;. Then all the
6 elements in M; belong to half of the sets in
(G 4o 7(;],”3

ments in G; U I, belong to at least half of the

_, +. Hence in this case, all the ele-

sets in F.

(c) We can decompose G; into two disjoint
parts {G;, 200Gy, ) and {G_,~ZHI
{Jrasessgu, b ={1s==uns}y ny —2k =2, and

(D) G;, UG, =+ =G, UG, =M;s;

(ii) for any two different indexes {i,;} from
{Jurismsju, 1 G UG, =1, ={1,2,3,4,5} or |G
UG; | =4.

oGy }y where

Then all the 6 elements in M belong to half of the
sets in {G; »+++, G, .

(c. 1) ny —2k is an even number and there ex-
ists a permutation (m2y,**sm,,—2) Of (jop1sees
Ju,) such that G, UG,, = :G'"”szkfl UG,,,”ka
={1,2,3,4,5}. Hence in this case, all the 5 ele-
ments in {1,2,3,4,5} belong to at least half of
the sets in F,

(c. 2) ny —2k is an odd number and there ex-
ists a permutation (m,+++ym,, 2 ) Of (Gorrsees
Jju,) such that G, UG,, =+ :G'”ns—n—z UG,,,”f%ﬂ
={1,2,3,4,5}. Then all the 5 elements in {1,2,
3,4,5} belong to at least half of the sets in {G,, .

. ,G,,,”f%l t. Note that all the 5 elements in {1,

2,3,4,5) belong to at least one of the two sets
G, and {1,2,3,4,5}. Hence in this case, all
3

the 5 elements in {1,2,3,4,5) belong to at least
half of the sets in F.
(c. 3) We can decompose {G;

J2k+1

G, b and {G

2141

2k

sy G: ) in-
g

to two disjoint parts {G,, ++**

b

* ’G"'7,3—2k b where {my,=ssm, o} = {jurrss
Ju, bs s —2k—20=2, and

(ii) G, UG,, =+ =G,,  UG,,
4,5}

(iv) for any two different indexes {7,;} from
{mygpirseee om0 1 G UG; €Gy.
Then all the 5 elements in {1,2,3,4,5} belong to

at least half of the sets in {G,,,l yorrs G )

* My,

ng

:{172937

(c. 3. 1) There exists 1 € {myyst*sm,, —u
such that G,C{1,2,3,4,5}. Without loss of gen-
erality, we assume that G, ={1,2,3}. Then
for any ¢ € {myyss***sm, —s s we have G,EH, U
H; UH;. where

H,={{1,2,4},{1,3,4),{2,3,4}},

H;={{1,2,5},{1,3,5}.,{2,3,5}},

H;={{1,2,6}.,{1,3,6},{2,3,6}}.

G ¥
’ Py o

ng

For simplicity, define H: = {G,

We have the following 7 cases.
(c.3.1.1) HNH, #J ,HNH; =HNH; =J.
(c.3.1.2) HNH; #Z . HNH,=HNH; =.
(c.3.1.3) HNH;#< ,HNH,=HNH; =.
(c.3.1.4) HNH, #< ,HNH; # . HNH; = .
(c.3.1.5 HNH, #<Z ,HNH; # . HNH; = .
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(c.3.1.6) H\H; #J ,HNH; #J ,HNH, =J.
(c.3.1.7O HNH, #< ,HNH; # . HNH; # .

As to (c.3.1.1), by Lemma 1. 1, we know
that all the 4 elements in {1,2,3,4} belong to at
least n; —2k —1 set(s) in H and thus belong to at
least half of the sets in H. Hence in this case, all
the 4 elements in {1,2,3,4} belong to at least
half of the sets in F.

As to (c. 3.1.2) and (c. 3. 1.3), we can get
that all the 3 elements in {1,2,3} belong to at
least half of the sets in F.

As to (c. 3.1.4), without loss of generality,
we assume that {1,2,4) €HNH,. Then by (iv),
we know that HNH;={{1,2,5}} and by (iv) a-
gain we get that HNH,={{1,2,4}}. Thus in this
case H={{1,2,3},{1,2,4},{1,2,5}}. Note that
all the 5 elements in {1,2,3,4,5} belong to at
least two sets among the 4 sets in {{1,2,3},{1,
2,47,{1,2,5},{1,2,3,4,5}}.
that all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in F.

Then we obtain

As to (c. 3.1.5), without loss of generality,
we assume that {1,2,4)€HNH,. Then by (iv),
we know that HNH;={{1,2,6}} and by (iv) a-
gain we get that HNH,={{1,2,4}}. Thus in this
case H={{1,2,3},{1,2,4},{1,2,6}}. By {1,2,
3yUil,2,43 U{1,2,6})={1,2,3.4,6} €G; ={{1,
2,3,4,5}}, we know that this case is impossible.

As to (c.3.1.6) and (c. 3.1.7), by follow-
ing the analysis to (c. 3.1.5), we know that
these two cases are impossible,

(c. 3.2) For any tG{mzzH,-",m,,gfﬂ,}, G, <
{1,2,3,4,5}. Without loss of generality, we as-
={1,2,6}. Then by (iv), we
know that for any z =my5 s+ ym,, 5 » we have

G, e{{1,3,6},{1,4,6},{1,5,6},{2,3.6},
{2,4,6},{2,5,6}}. Without loss of generality,
we assume that {1,3,6} € {G, ey G,,f,”fﬂ, I8
Then by Gs=1{{1,2,3,4,5}}, we need only to
consider the following two subcase

(c.3.2. 1) {G, ,"',G,,,”,g

{1,3.6}).
(c.3.2.2) {G

Moy b

sume that G,

Ma+1

notp ?

S.
}:{{19276}7

—2k

P ={{1,2,6},

-
A b (II)I 2,
ng — 2k

{1,3,6},{2,3,6}}.

As to (c. 3.2. 1), all the 4 elements in {1,2,
3,6} belong to at least two sets among the 3 sets
in {{1,2,6},{1,3,6},{1,2,3,4,5}}.
this case all the 3 elements in {1,2,3,6} N{1,2,
3.4,5} (i.e. {1,2,3}) belong to at least half of
the sets in F,

Hence in

As to (c. 3. 2.2), we can easily know that all
the 3 elements in {1,2,3} belong to at least half
of the sets in F.

(1.2.2) ny is an odd number and there exists
a permutation (iy,**,7, ) of (1,+++,n,) such that
H;, UH, =-- :H’"NZ UH,v”F1 =M;. Then all the
6 elements in M; belong to at least half of the sets
in {H; ""’H1;,4 e

(1.2.2. 1) n3=1. Now G; ={G,}. I HI-”1 -
I,, then all the 4 elements in H,-”/1 belong to at
least two sets among the three sets in {G; ,H,-”I R
I,} and thus all the 4 elements in HI-”/1 belong to
at least half of the sets in F. If H,-”’1 & I,, then
H,»”4 UI, =M; and thus in this case all the 3 ele-

ments in G; belong to at least half of the sets
in F.

(1.2.2.2) n; =2. Now for any i,j =1, -,
n3si#j, we have G; UG, =M; or G, UG; =1, =
(1.2.3.4,5} or |G, UG, | =4.

(a) n; is an even number and there exists a
permutation (j, <+, 7, ) of (1,++,n5) such that
G, UG, =+ :Gjus , UG]-”3 =M;. Then all the 6
elements in M; belong to half of the sets in G;j.

Hence in this case all the elements in H; UI; be-
-

long to at least half of the sets in F.

(b) ny is an odd number and there exists a
permutation (j;,+**,j, ) of (1,++,75) such that
G;, UG, === :Gj”gfz UGJ},%—l =M;. Then all the

6 elements in M; belong to half of the sets in
{Gh 7"'9Gj”’ }. Now if H, cI, then all the 4

—1
elements in H; belong to at least two sets among
n
the three sets in {G; ,H; ,I,} and thus all the 4
T "y
elements in H; belong to at least half of the sets
0

inF. If H, &€I,, then H; UI, =M; and thus in
ny ny
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this case all the 3 elements in G; belong to at

least half of the sets in F.

(¢) We can decompose G; into two disjoint
parts {G; .. G, | and {G;, ---,Gjns
{Jrawwsju, t ={1sevung}y ny —2k=2, and

D) G; UG, =++=G;, UG, =M;;

(i1) for any two different indexes {7,;) from
Uoernsreadu 12G UG =1, ={1,2,3,4,5) or |G,
UG, | =4.

Then all the 6 elements in M belong to half of the

}s where

2k—1 2k

sets in {Gj, »+++. Gy, |.

(c. 1) ny —2k is an even number and there ex-
ists a permutation (m2y,**,m,,—2) of (joi1sers
Ju,) such that G, UG,, =+ :G,,,”fz,_] UG,,,%?M
={1,2,3,4,5}, which together with the fact that
all the 5 elements in {1,2,3,4,5} belong to at

least one of the two sets H; and {1,2,3,4,5},
ny

implies that all the 5 elements in {1,2,3,4,5} be-
long to at least half of the sets in F.

(c.2) ny; —2k is an odd number and there ex-
ists a permutation (m,+++ym,, ) of (Goerrsees
ju,) such that G, UG,, =+ :Gm”3 s UG,,,”3
={1,2,3,4,5}. Then all the 5 elements in {1,2,
3,4,5} belong to at least half of the sets in {G,,,1 R
Gy )

(c.2.1) f H, <{1,2,3,4,5}, then all the 4
”

2k—1

elements in H; belong to at least two sets among
"

the three sets in {G, s H, ,{1,2,3,4,5}}.
3 "y

—2k

Hence in this case, all the 4 elements in H,-”4 be-
long to at least half of the sets in F.

(c.2.2) If H,-”’1 F{1,2,3,4,5}, then H,-w1 U
{1,2,3,4,5) =M;. Without loss of generality,
we assume that H"'w ={1,2,3,6}.

(c.2.2. 1) G,,,”3 _{1,2,3,4,5}. Then all

2k

~ belong to at least two

the 3 elements in G,
9Hl‘”4 7{1’27

sets among the three sets in {G,,

g2
3,4,5}} and thus belong to at least half of the
sets in F.

(c.2.2.2) G, ” ¢{1,2,3,4,5}). Then
-
U{1,2,3,4,5} =M;. Hence all the 6 ele-

—2k

G,
m,
3

ments in M belong to at least one of the two sets

and {1,2,3,4,5} and thus all the 4 ele-

—2k

G7”

g

ments in H; belong to at least two sets among
ny

JH, . {1,2,3.4,5}).

the three sets in {G,,

Hence in this case all the elements in H,-w1 Nni{1,2,
3,4,5) (i.e. {1,2,3}) belong to at least half of
the sets in F,

e

(c. 3) We can decompose {G;,, | .} in-
Z ”3
to two disjoint parts {G,, s***,G,,, } and {G,

Mor+1

. ’G'"Ua—n
Iy by my —2k—2{>=2, and

(i) G, UG,, = =G,, |
4,5}

(iv) for any two different indexes {7,;} from
{mgpiysee 2 MMy, — 2k }.G UG, €Gy.
Then all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in {G,, ++**.G,,, }.

(c.3. D I—I,-”’1 —{1,2,3,4,5}.

(c.3.1.D)
There exists ¢ € {myr s+ 9m,]372k} such that G, C

b

o where {my, oo ymy, o b = {Gorrs s

UGmZ[ :{1’2’3$

{1,2,3,4,5}. Without loss of generality, we as-
sume that G,,, = {1,2,3}. Then for any ¢ €
“sm, |, we have G, € H, U H; U
H;, where
H,={{1,2,4},{1,3.,4},{2,3,4}},
H;={{1,2,5},{1,3,5},{2,3,5}},
H,={{1,2,6},{1,3,6},{2,3,6}}.
v G )

3 2k

{7n21+2 s "

For simplicity, define H: ={G,,,
We have the following 7 cases.
(c.3.1.1.1) HNH, #J ,HNH; =HNH; =J.
(.3.1.1.2 HNH; #2 ,HNH, =HNH; = .
(c.3.1.1.3) HNHy #J ,HNH, =HNH; =J.
(c.3.1.1.4) HNH,#J ,HNH; #J ,HNH; = .
(¢.3.1.1.5) HNH, #<J . HNH; #J ,HNH; = .
(c.3.1.1.6) HNH; # ,HNH; #<J . HNH, =J.
(c.3.1.1.7 HNH,#J HNH; #J ,HNH; #J.

By the analysis in (1.2.1.2) (c.3.1), we
need only to consider the first four cases
(.3.1.1. 1D —(c. 3. 1. 1. 4).

As to (c¢.3.1.1.1), by Lemma 1. 1, we
know that all the 4 elements in {1,2,3,4} belong

to at least half of the sets in H. Since H;, {1,
n
2,3,4,5}, we know that |H;, N{1,2,3,4}|=3.
0
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Hence in this case, all the elements in H,HI N{1,
2,3.4} belong to at least half of the sets in F.

As to (c. 3.1.1.2) , by following the analy-
sisin (c. 3.1.1.1), we get that |H%1 Nn{1.2,3,
5}| >3 and all the elements in H,ﬂn1 n{1,2,3,5;}
belong to at least half of the sets in F.

As to (c.3.1.1.3), by Lemma 1. 1, we
know that all the 4 elements in {1,2,3,6} belong
to at least half of the sets in H. We have the fol-
lowing 3 subcases.

(c.3.1.1.3-1) HNH; =1. Take H N H; =
{{1,2,6}} for example. By Hi’u {1,2,3,4,5},
we know that Hi”4 €{{1,2,3,4},{1,2,3,5},{1,
2,4,55,{1,3,4,5},{2,3,4,5}}. I H’M ={1,2,3,
4}, then {1,2,6}U{1,2,3,4}=1{1,2,3,4,6}€Gs
={{1,2,3,4,5}}.
H’A e€{{1,2,3,5}),{1,2,4,5}}, it is impossible.
If H,»”4 €{{1,3,4,5},{2,3,4,5}}, then H,‘”+ U
{1,2,6} =M;. Now all the 3 elements in {1,2,3}
belong to at least half of the sets in F.

(c.3.1.1.3-2) HNH; =2. Take H N H; =
{{1,2,6},{1,3,6}} for example. By following a-
nalysis in (c. 3. 1. 1. 3-1), we get that all the 3 el-

It is impossible. Similarly, if

ements in {1,2,3} belong to at least half of the
sets in F.

(c.3.1.1.33) HNH; =3. Now HNH; =
{{1,2,6},{1,3,6},{2,3,6}}. In this case, by Gs
={{1,2,3,4,5}}, we must have H'M =1{1,3,4,
5}. It is easy to check that in this case all the 3
elements in {1,2,3} belong to at least half of the
sets in F.

(c.3.1.2) For any ¢ € {mys1 s+ smy, ot s G,
¢E{1,2,3,4,5}. Without loss of generality, we
assume that G, ={1,2,6}. Then by (iv), we
know that for any ¢ =my 1+ +++ 1,2 » we have G,
€{{1,3,6},{1,4,6},{1,5,6},{2,3,6},{2,4,6},
{2,5,6}}. Without loss of generality, we assume
that {1,3,6} €{G,,, , ,---,G,,,”f% }. Then by Gs =
{{1,2,3,4,5}}, we need only to consider the fol-
lowing two subcases.

(€3 1.1.21) Gy, ooona Gy,

61,{1,3.6}}.

p=1{{1.2,

2k

(c.3.1.1.2-2) {G,

Mai+1
6},{1,3,6},{2,3,6}}.
As to (c. 3. 1. 1. 2-1), we know that all the 3
elements in {1,2,3} belong to at least 2 sets a-
mong the 4 sets in {{1,2,6},{1,3,6},H1~”’1 ).

""3G }:{{1!2’

Hence in this case, all the 3 elements in {1,2,3}
belong to at least half of the sets in F.

As to (c.3.1.1.2-2), we can easily know
that all the 3 elements in {1,2,3} belong to at
least 3 sets among the 5 sets in {{1,2,6},{(1,3,
6},{2,3,6} ,Hi% ,I,}. Hence in this case, all the

3 elements in {1,2,3} belong to at least half of
the sets in F.

(c.3.2) H’Vn *{1,2,3,4,5}. Then anl U
{1,2,3,4,5} =M;. By following the analysis in
(c. 3. 1), we can show that there exist 3 elements
in M; which belong to at least half of the sets in
F. We omit the details.

(1. 2. 3) We can decompose G, into two dis-
sH,, | and {H,, .-, H,-”’1 }
where {7 ,+=+.7, } ={1,=sni}, ny —2k=2, and

(O H;, UH; =+-=H,,  UH, =M;;

(i1) for any two different indexes {i,j} from
{iggr1 %041y, b we have H; UH,; =1, ={1,2,3,4,
5%.

Then all the 6 elements in M; belong to at least
half of the sets in {H, .-, H;, }.
1.1, we know that all the 5 elements in {1,2,3,

joint parts {H;

By Lemma

4,5} belong to at least ns — 2k — 1 set (s) in
{H[2k+l
of the sets in {H;, .-+ H; }|.

(1. 2. 3. 1) 13 =1. Now GSZ{G] }. Note that
all the 5 elements in I, ={1,2,3,4,5} belong to

.++=»H; '} and thus belong to at least half

at least one of the two sets Gy and I;. Then we
obtain that all the 5 elements in {1,2,3,4,5} be-
long to at least half of the sets in F.

(1.2.3.2) n; =2. Now for any i,j =1, -,
n3si7#j, we have G; UG, =M; or G, UG; =1, =
(1.2.3,4,5} or |G, UG, | =4.

(a) ny 1s an even number and there exists a
permutation (j;, <+, 7, ) of (1,++,n5) such that
G;, UG;, =+ :G]-”f1 UG]»”3 =M;. Then all the 6

elements in M; belong to half of the sets in Gs.
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Hence in this case all the 5 elements in {1,2,3,4,
5} belong to at least half of the sets in F.

(b) n; is an odd number and there exists a
permutation (ji, s j,, ) of (1,++,n3) such that
G, UG, =+ :Gjnsiz U(}j”fJ =M;. Then all the
6 elements in M; belong to half of the sets in
(G, e ’Gf',,g

I,={1,2,3,4,5} belong to at least one of the two

! }. Note that all the 5 elements in

sets G; and I,. Then we obtain that all the 5 ele-

ments in {1,2,3,4,5} belong to at least half of
the sets in F.

(c¢) We can decompose G; into two disjoint
parts {G; ,+,G;, | and {G ,---,Gj”3 }, where

o
ok

Jok1
{jl ’“"jns } :{1!'”7713}’ N3 _2k>2, and
Sy Gjl UGJé - :szkfl UGjZk =M

(ii) for any two different indexes {i,;} from
{1 2 }.G UG =1,={1,2,3,4,5} or |G;
UG./ | =4,

Then all the 6 elements in M belong to half of the
sets in {G;, »+++, Gy, b

(c. 1) n3 —2k is an even number and there ex-
ists a permutation (2, +++ym,, 5 ) Of (Goryseees
Ju,) such that G, UG,, =+ =G, UG,,,”3
={1,2,3,4,5}. In this case, we get that all the 5
elements in {1,2,3,4,5} belong to at least half of

3 —2k—1 —2k

the sets in F.
(c. 2) ny; —2k is an odd number and there ex-

72}?) of (j2k+1 L)

U Gmm

5 2k—1

ists a permutation (m,***,m,,

ju,) such that G, UG,, =+ =G, s
={1,2,3,4,5}. Then all the 5 elements in {1,2,
3,4,5} belong to at least half of the sets in {G,, .
.G,
{1,2,3,4,5} belong to at least one of the two sets

G, and I,. Then we obtain that all the 5 ele-

ments in {1,2,3,4,5) belong to at least half of

}. Note that all the 5 elements in I, =

5 —2k—1

—2k

the sets in F.
we,G: ) ine
2%+1 7 g

} and {G1712,+1 ’

}» where {ml""97n71372k} = {Jar1s s

(c. 3) We can decompose {G;
to two disjoint parts {G,, s+, G,,,
., Gm,,g »
Ju, b s ms —2k—20=2, and

(ii) G, UG,, =+ =G UG,

a1 my, ={1,2,3,
475};

(iv) for any two different indexes {i,;} from

{mgpsysee s My, —21 1,G UG, €Gy.
Then all the 5 elements in {1,2,3,4,5} belong to
at least half of the sets in {G,, ,-- Gy, . By fol-
lowing the analysis in (1. 2. 1. 2) (c. 3), we can
get that there exist 3 elements in M; which belong
to at least half of the sets in F.

(2) n;=2. By Lemma 1. 1, we know that all
the 6 elements in M; belong to at least n; —1 set
(s) in G; and thus belong to at least half of the
sets in G;. Hence it is enough to show that there
exist at least 3 elements in M; which belong to at
least half of the sets in G5 UG;.

(2.1) n,=1. Now G, ={H, }.
of generality, we assume that H, ={1,2,3,4}.

(2.1.1) n; =1. Now G; ={G, }. In this case,
all the elements in G, UH, belong to at least half
of the sets in G; UG,.

(2.1.2) n;=2. Now for any i,j =1, ,n3,1
#j ., we have G; UG; =M or G; UG; €G; or G; U
G;=H,.

(2.1.2.1) ns is an even number and there ex-

Without loss

ists a permutation (zy,+++,7, ) of (1,++,n;) such
that G; UG, === :G,-"3 ! UGI-”3 =M;. Then all
the 6 elements in M; belong to half of the sets in
G;. Hence in this case all the 4 elements in I, be-
long to at least half of the sets in G; UG,.
(2.1.2.2) ny is an odd number and there ex-

ists a permutation (i, ,+*+,7, ) of (1,+++,n3) such

that Gi, UG, === :Gl»”3 , UG, | =M. Then all

1

the 6 elements in M; belong to half of the sets in
(G, Gy,

i t. In this case, all the elements in

G, Ul belong to at least half of the sets in Gs
UG,.

(2.1.2.3) We can decompose G; into two
disjoint parts {G; ,+++,G;, } and {Gm+1 ,---,G,-”? i
wy ) ={1seeynsfy ny —2k =2, and

() G, UG, =+ =G, | UG, =M;;

(i1) for any two different indexes {i,j} from
{iggrravesin, G UG, =H, ={1,2,3,4} or G; U
G; €Gs.

Then all the 6 elements in My belong to half of the
sets in {G; .Gy, ).

i

ik

where {7,541

ik
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(a) n; —2k is an even number and there ex-
ists a permutation (ji =47, o) of Gigpryaersiy,,)

such that G, UG;, =+ =G UG; =H, =

{1,2,3,4}. Then all the 4 elements in {1,2,3,4}
belong to at least half of the sets in {G

.
2k4-1

G; } and thus all the 4 elements in {1,2,3,4} be-

g oty

long to at least half of the sets in G; UG;.

(b) n; —2k is an odd number and there exists
a permutation (ji, **+y j—o) Of Cigerry oeeydy )
such that G; UG;, = -+ :Gj"r%fz UG,-”kafl =H,
={1,2,3,4}. Then all the 4 elements in {1,2,3,
4} belong to at least half of the sets in {Gj1 RETEIR

G; }. Note that all the the 4 elements in {1,

Tng —2k—1
2,3,4} belong to at least one of the two sets
G; and {1,2,3,4}. Then we get that all the 4

Tng =2k
elements in {1,2,3,4} belong to at least half of
the sets in G; UG,.

(c) We can decompose {G

iy * " ’(Iiug } into

} and {G;

= {izwu Tty

two disjoint two parts {G; s+, G; )

-, Gj”%ﬁk
in, to n3 —2k—20=>2, and
(i) G;, UG;, =+ =G;,  UG;, ={1,2,3,4};
(iv) for any two different indexes {i,;} from
{Jore1 ,"-,j,lsfz;\,} , we have G, UG; €Gs.
Then all the 4 elements in {1,2,3,4} belong to at

2041

o where {ji, o0y ju, o)

2(—1

least half of the sets in {Gjl s Gy, +. For sim-
plicity, define H: ={G;, .- G }. We have

the following two subcases:

(c. 1) There exists m € {jy 11 s***sJu,—2 ) such
that G,,C{1,2,3,4}. Without loss of generality,
we assume that Gj, ={1,2,3}. Then for any m
“s Ju—2» we have G, € Hys UH, U
H- ¢, where

H,;=1{{1,4,5},{2,4,5},{3,4,5}},

H,;={{1,4,6},{2,4,6},{3.,4,6}},

H;¢={{1,5,6},{2,5,6},{3,5,6}}.

Since |{1.4,5} U{2.4,5}|=|{1,4,5} U{3,4,5}]
=1{2,4,5} U{3,4,5}| =4, we get that |HNH, 5
| <1. Similarly, we have |H N H,,|<<1,|HN

H; ;| <1. Hence we need only to consider the

—Jotzs °t

following 7 cases.
(c. 1.D ‘HmHm ‘:L ‘HﬂH4.6 ‘: ‘HnHm ‘ =0.
(c.1.2) [HNH,|=1,|HNH,;|=|HNH;|=0.

(c.1.3) |[HNH,|=1,|HNH,;|=|HNH,|=o0.
(c..O |[HNH,;|=|HNH,s|=1, HNH;. | =0.
(c.1.5) |HNH,5|=|HNH;|=1.|[HNH,s|=0.
(c.1.6) [HNH,s|=|HNH;s|=1, HNH, ;| =0.
(c. 1.7 |[HNH.s|=|HNH.s|=|HNH; | =1
Asto (c. 1. 1), take HNH, s ={{1,4,5}} for
example. Now H={{1,2,3},{1,4,5}}. Note
that all the 4 elements in {1,2,3,4} belong to at

least two sets among the three sets in {{1,2,3},
{1,4,5},{1,2,3,4}}.
case, all the 4 elements in {1,2,3,4} belong to at
least half of the sets in G; UG,.

As to (c. 1.2), by following the analysis to

Then we get that in this

(c.1.1), we get that all the 4 elements in {1,2,
3,4} belong to at least half of the sets in G5 UG,.

As to (c. 1.3), by following the analysis to
(c. 1. 1), we get that all the 3 elements in {1,2,
3} belong to at least half of the sets in G; UG;.

Asto (c. 1.4), take HN(H, s UH,s) ={{1,
4,5),{2,4,6}} for example. Now H={{1,2,3},
{1,4,5},{2,4,6}}.
in {1,2,3,4} belong to at least two sets among
the four sets in {{1,2,3},{1,4,5},{2,4,6},{1,
2,3,4} ).
elements in {1,2,3,4} belong to at least half of
the sets in G5 UG,.

Asto (c. 1.5), take HN(H, ;s UH,) ={{1,
4,5),{2,5,6}} for example. Now H={{1,2,3},
{1,4,5},{2,5,6}}.
in {1,2,3,4} belong to at least two sets among
the four sets in {{1,2,3},{1,4,5},{2,5,6},{1,
2,3,4} ).
elements in {1,2,3,4} belong to at least half of
the sets in G5 UG,.

As to (c. 1. 6), take HN(H,,s UHs,s) ={{1,
4,6},{2,5,6}} for example. Now H={{1,2,3},
{1,4,6},{2,5,6}}.
in {1,2,3,4} belong to at least two sets among
the four sets in {{1,2,3},{1,4,6},{2,5,6},{1,
2,3,4} ).
elements in {1,2,3,4} belong to at least half of
the sets in G; UG,.

Asto (c.1.7), take HNH,; ={{1,4,5},
{2,4,6},{3,5,6}} for example. Now H={{1,2,

Note that all the 4 elements

Then we get that in this case, all the 4

Note that all the 4 elements

Then we get that in this case, all the 4

Note that all the 4 elements

Then we get that in this case, all the 4
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3}7{17475}9{27456}7{395,6}}. NOte that aH the
4 elements in {1,2,3,4} belong to at least 3 sets
among the 5 sets in {{1,2,3},{1,4,5},{2,4,6},

{3,5,6},{1,2,3,4}}. Then we get that in this

case, all the 4 elements in {1,2,3,4} belong to at
least half of the sets in G5 UG;.

(c. 2) For any m & {jyq e
2,3,4}.

’j%‘ﬁk}’(;ng£{17
Then HCH5 UH6 UHS.G ’ Where

::{{{17255}7{15395}3{19475}9{27355}7{29495}3{39475}}9
={{{1,2,6},{1,3,6},{1,4,6},{2,3,6},{2,4,6},{3,4,6}},
11&6::{{19596}v{29596}7{39596}9{49596}L

By (iv), we can easily get that
|HNH; | <2, HNH; | <<2,|HNH;;|<]1.
(c.2.1) HNH; ¢
ality, we assume that {1,2,5)€H and G

J214+1

=@. Without loss of gener-
={1,
2,5}. Then by (iv), we know that for any m €
{j21+2""’j713*2k}7Gm6{{39495}7{19336}9{1947
6},{2,3,6},{2,4,6}}.

only to consider the following 14 cases.

By (iv) again, we need

(c.2.1.1) H={{1,2,5},{3,4,5}}
(c.2.1.2) H={{1,2,5},{1,3,6}}
(c.2.1.3) H={{1,2,5},{1,4,6}}
(c.2.1.4) H={{1,2,5},{2,3.6}}
(c.2.1.5) H={{1,2,5},{2,4,6}}
(c.2.1.6) H={{1,2,5},{3,4,5},{1,3,6}}
(c.2.1.7) H={{1,2,5},{3,4,5},{1,4,6}}
(c.2.1.8) H={{1,2,5},{3,4,5},{2,3.6}}
(c.2.1.9) H={{1,2,5},{3,4,5},{2,4.6}}
(c.2.1.10) H={{1.2,5},{1,3,6}.{2,4,6}}
(c.2.1.11) H={{1.2,5},{1,4,6}.{2,3,6}}
(c.2.1.12) H={{1.2,5},{1,3,6}.{2.4.6}}

(c.2.1.13) H={{1,2,5},{3,4,5},{1,3.6},{2,4,6}}
(c.2.1.10) H={{1,2,5},{3,4,5},{1,4,6},{2,3,6}}

As to (c. 2.1.1), all the 4 elements in {1,2,
3,4} belong to at least two sets among the three
sets in {{1,2,5},{3.,4,5},{1,2,3,4}}. Then we
get that all the 4 elements in {1,2,3,4} belong to
at least half of the sets in G; UG,.

As to (c. 2.1.2) and (c. 2. 1. 4), all the 3 el-
ements in {1,2,3} belong to at least half of the
sets in G3 UG;.

As to (c. 2.1.3) and (c. 2. 1.5), all the 3 el-
ements in {1,2,4} belong to at least half of the
sets in G; UG,.

As to (c. 2.1.6), all the 4 elements in (1,2,

3,4} belong to at least two sets among the four
sets in {{1,2,5},{3,4,5},{1,3,6},{1,2,3,4}}.
Then we get that all the 4 elements in {1,2,3,4)
belong to at least half of the sets in G5 UG,.

Asto (c.2.1.7)—(c. 2.1.12), it is easy to
check that all the 4 elements in {1,2,3,4} belong
to at least two sets among the four sets in HU
{{1,2,3,4}} and thus belong to at least half of
the sets in G5 UG,.

As to (c. 2.1.13) and (c. 2. 1. 14), it is easy
to check that all the 4 elements in {1,2,3,4} be-
long to at least three sets among the 5 sets in HU
{{1,2,3,4}} and thus belong to at least half of
the sets in G; UG,.

(c. 2.2) HNH;,; #®. Without loss of gener-
,5,6)€H and G, ={1,
5,6}. Then by (iv), we know that for any m €
{Jorz st sgu—ut G, €{{2,3,5},{2,4,5},(3,4,
51,{2,3,6},{2,4,6},{3,4,6}}.
we need only to consider the following 3 cases.

(c.2.2.1) [HN{{2,3,5},{2,4,5},{3,4,5}}

ality, we assume that {1 Gi, .,

By (iv) again,

|=1,|HN{{2,3,6},{2,4.6}., 346}\—
(c.2.2.2) [HN{{2,3,5},{2,4,5},{3,4,5}}

|=0,|HN{{2,3,6},{2,4.6},{3.4, 6}}\:
(c.2.2.3) |Hﬂ{235} {2,4,5},{3,4,5}}

|=1,[HN{{2,3,6},{2,4,6},{3.4, 6}}\:

Asto (c.2.2. 1), take HN{{2,3.5}.{2.4,
51,{3,4,5}}=1{{2,3,5}} for example. Now H=
{{1,5,6},{2,3,5}}.
{1,2,3} belong to at least two sets among the
three sets in HU{{1,2,3,4}} and thus belong to
at least half of the sets in G; UG,.

Asto (c.2.2.2), take HN{{2,3,6},{2,4,
6},{3,4.6}}=1{{2,3,6}} for example. Now H=

Now all the 3 elements in
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{{1,5,6},{2,3,6}}. Now all the 3 elements in
{1,2, 3} belong to at least two sets among the
three sets in HU{{1,2,3,4}} and thus belong to
at least half of the sets in G; UG,.

As to (c.2.2.3), take H={{1,2,5},{2,3,
5},{2,4,6}) for example, Now all the 4 elements
in {1,2,3,4} belong to at least two sets among
the four sets in HU{{1,2,3,4}} and thus belong
to at least half of the sets in G; UG,.

(2.2) ny=2. Forany i,j=1,",n,17j, we
have H;, UH; =M; or H; UH; €G;.

(2.2.1) n, is an even number and there ex-
ists a permutation (71,57, ) of (1,+++,n,) such
that H; UH, =-- :Hf},lﬂ UH,v”’1 =M;. Then all
the 6 elements in M; belong to at least half of the
sets in G,. Hence it is enough to show that there
exist 3 elements in M; which belong to at least
half of the sets in G; or G; UGs.

(2.2.1.1) n; =1. Now G; ={G;}, and all
the 3 elements in G, satisfy the condition.

(2.2.1.2) ns =2. Now G; ={G,,G,} and all
the 3 elements in G; UG, belong to at least one of
the two sets in Gs.

(2.2.1.3) n3 =3. Forany i,j=1,,n3,17#
7» we have G; UG; =M; or G; UG; €G, UGs.

(a) n3 is an even number and there exists a
permutation (ji, s, ) of (1,++,n3) such that
G;, UG, =+ :Gj“%f1 UG;'"% =M;. Then all the 6
elements in M; belong to half of the sets in G;.

(b) n; is an odd number and there exists a
permutation (j;,+*+,j, ) of (1,+++,n5) such that
G, UG, =+ :Gjnf2 UG]-”f =M;. Then all the
6 elements in M; belong to half of the sets in
(G, oo ,Gj”3

belong to at least half of the sets in Gs.

1

. 1. Hence all the 3 elements in G;
"3

(¢c) we can decompose Gj into two disjoint

parts {G; ,+.G;, } and {G ,---,Gj”% }, where

Jokt1
{71 2 b ={1seeesny}snys —2k>=2, and
D) G, UG, =++=G;, UG, =M;;
(ii) for any two different indexes {i,;} from
{J o1 ’”.’jng by G UG; €G, UGs.
Then all the 6 elements in M, belong to half of the

sets in {G; »,Gy, ).

2k

Without loss of generali-

ty, we assume that G;, ~={1,2,3}. For any [=
Joetzsttaju s we have G, € {{1,2,4},{1,2,5},
{1,2.6}, {1,3,4},{1,3,5},{1,3,6},{1,4,5},
{1,4,6},{1,5,6},{2,3,4},{2,3,5},{2,3.,6},{2,
4,5},{2,4,6},{2,5,6},{3,4,5},{3,4,6},{3,5,
6}}. For simplicity, denote H={G;, ,'",Gj”% .
By (i), we know that | H| <<10. Then we have
the following 9 cases:

(c. 1) |H| =2. Now H={G; ,Gjmi } and all

2k+1

the elements in G, |

UG, belong to at least one

of the two sets in H and thus belong to at least
half of the sets in Gs.

(c.2) |H|=3. (c.3) |H|=4.
(c.4) |H|=5. (c.5) |H|=6.
(c.6) |H|=7. (c.7) |H|=S8.
(c.8) [H|=9. (c.9 |H|=10.

As to the cases (c.2)~(c.9), we only give
the proof for (c. 2), the proofs for the other cases
are similar, We omit the details,

As to (c. 2), H={G .G;

Jor+1

.G; ) and we

2k+2 ng
have the following 4 cases:

(c. 2.1) For any 2-element subset {i,j} of
(G s ot 9j7:3 }» G UG; €G, and GjZk,l UGJ’ZHZ U
Gj”3 €G,. Take H={{1,2,3},{1,2,4},{2,3,4}}
for example. Now by Lemma 1. 1. we know that
all the 4 elements in {1,2,3,4} belong to at least
2 sets in H and thus belong to at least half of the
sets in G;.

(c. 2.2) For any 2-element subset {i,j) of
{Jokt1 222 ’jn3 by G, UG; €G, and G; UG; U

Jok+1 2k+-2
G

i, €G;. Take H={{1,2,3},{1,2,4},{1,2,5}}
for example. Now {1,2,3,4,5} €Gs and thus we
have the following 3 cases.

(c.2.2.1) ns =1. ThenG; ={{1,2,3,4,5}}.
Now all the 5 elements in {1,2,3,4,5} belong to
at least two sets among the 4 sets in H UGs and
thus belong to at least half of the sets in G5 UGs.
(In fact, by the assumption that n; =2, we don’t
need consider this case. We write it here for the
analysis in the following (c. 2. 2. 3)).

(c.2.2.2) n; =2. Take G;={{1,2,3,4,5},
{1,2,3,4,6}} for example. Now it easy to check
that all the 4 elements in {1,2,3,4} belong to at
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least 3 sets among the 5 sets in H UG; and thus
belong to at least half of the sets in G; UGs.

(c.2.2.3) ns =3. Now by Lemma 1. 1, we
know that all the 6 elements in M; belong to at
least ns —2 set(s) in Gs\{{1,2,3,4,5}} and thus
belong to at least half of the sets in G5\ {{1,2,3,
4,5}}. Then by (c. 2. 2. 1), we know that now
all the 5 elements in {1,2,3,4,5} belong to at
least half of the sets in G; UGs.

(c. 2.3) For any 2-element subset {i,j} of
{Jort1sJoere s Jn, b G, UG, €G;. Take H=1{{1,2,
31,{1,4,5},{2,5,6}} for example. Now {{1,2,
3,4,55,{1,2,3,5,6},{1,2,4,5,6}}CG;s and thus
we have the following 3 cases:

(c.2.3.1) ns=3. Then Gs;=1{{1,2,3,4,5},
{1,2,3,5,6},{1,2,4,5,6}}. Now all the 6 ele-
ments in M; belong to at least 3 sets among the 6
sets in H UG; and thus belong to at least half of
the sets in G; UGs.

(c. 2.3.2) n; =4. Without loss of generality,
we assume that {1,2,3,4,6} €G;. Then by the a-
nalysis in (c. 2. 3. 1), we know that all the 5 ele-
ments in {1,2,3,4,6} belong to at least 4 sets a-
mong the 7 sets in H UG; and thus belong to at
least half of the sets in G; UGs.

(c.2.3.3) ns=5. By Lemma 1. 1, we know
that all the 6 elements in M; belong to at least |
Gs{{1,2,3,4,5},{1,2,3,5,6},{1,2,4,5,6}} | —
1 set(s) in Gs\{{1,2,3.4,5},{1,2,3,5,6},{1.2,
4,5,6}} and thus belong to at least half of the
sets in G5\ {{1,2,3,4,5},{1,2,3,5,6},{1,2,4,
5,611.
know that all the 6 elements in M; belong to at
least half of the sets in G; UG:;.

(e. 2.8 [{{aajh [{isj) Slimrrsjurasfn, 1+ G
UG, €G;}|=2. Take H={{1,2,3},{1,2,4},{1,
5,6} ) for example. Now {{1,2,3,5,6},{1,2,4,
5,6} CGs. By following the analysis in (c. 2. 2)

Hence in this case, by (c. 2. 3. 1), we

and (c. 2. 3), we can get that there exist at least 3
elements in M; which belong to at least half of the
sets in G; UGs.

(. 2.5) [{{asji [{isj} Slmrsjurasin, 1 oG
UG,€G;} |=1. Take H={{1,2.3}.{1,2,5}.{2,
5,6} ) for example. Now {1,2,3,5,6)€Gs. By

following the analysis in (c. 2. 2) and (c. 2. 3),
we can get that there exist at least 3 elements in
M which belong to at least half of the sets in G;
UGs.

(2.2.2) nyis an odd number and there exists
a permutation (iy,+*,7, ) of (1,+++,n,) such that

H;, UH, =--=H,  UH, =M. Then all the

1
6 elements in M belong to at least half of the sets

in {H; ,~~,H;, }. Hence it is enough to show
-

i 1
that there exist 3 elements in M; which belong to

at least half of the sets in {H; | UG or {HZ-”’1 U

d
4

G; UG;. Without loss of generality, we assume
that H;, ={1,2,3,4}.
ny
(2.2.2.1) ny; =1. Now G; ={G,}, and all

the elements in H;, UG, belong to at least one of
"

the two sets in {H[”1 } UGs;.

(2.2.2.2) ny=2. For any i,j =1, ,n3,i7#
j» we have G; UG; =M; or G, UG; €G, UGs.

(a) n; is an even number and there exists a
permutation (ji, s, ) of (1,++,n;) such that
G, UG, =+ =G; UGJ-”3 =M;. Then all the 4

elements in H; belong to at least half of the sets
s

il’l {H,‘] }UGg.

g

(b) n; is an odd number and there exists a

ng—1

permutation (j;,+*+,j, ) of (1,++,75) such that
G;, UG, == =G, UG,  =Ms. Then all the

!
6 elements in M; belong to half of the sets in
(G, ++sG,
Gjmﬂ belong to at least half of the sets in {H,”/1 }
UG..

(c) we can decompose G; into two disjoint

. 1. Hence all the elements in H;, U

ng

parts {G; ;. G, | and {G;, ---,G]-”3 }, where
{Jrasessgn, t ={1ssung}yng —2k =2, and

D) G; UG, =++=G;, UG, =M;;

(i1) for any two different indexes {7,7) from
{Joer1 s ju, 1+ G UG, €G, UGs.
Then all the 6 elements in My belong to half of the
sets in {G;, ,+,G

Jok

}. We have the following two
cases.

(c. 1) There exists m € {Joer1smssdn, | such
that G,, U {1,2,3,4} =M;. Without loss of gen-

erality, we assume that G; ={1,5,6}. Then

J2kr+1
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for any [ =joizs0 7, » we have G, € {{1,2,4},
{1,2,5},{1,2,6},{1,3,4},{1,3,5},{1,3,6},{1,
4,5},{1,4,6},{2,3,5},{2,3,6},{2,4,5},{2.4,
6},{2,5.,6}.{3.,4,5},{3,4,6},{3,5,6}}.

(c.2) For any m € {jui1s**+ju, }» Gu U
{1,2,3,4} #M;. Then (G, ,'",ij3 yc{{1,2,
3y,{1.2,4},{1,2,5},{1,2,6},{1.3.4},{1,3,5},
{1,3,6},{1,4,5},{1,4,6},{2,3,4},{2,3,5},{2,
3,6},{2,4,5},{2,4,6},{3,4,5},{3.4,6}}.

As to (c. 1) and (c.2), by following the a-
nalysis in (2. 2. 1), we get that there exist at least
3 elements in M; which belong to at least half of
the sets in {H; } UG; UG;. We omit the details.

'

(1. 2. 3) We can decompose G, into two dis-

jOint parts {Hil 9"',H,‘% } al’ld {Hi2k+1 9“.9H,‘” }9
- 4
where {7;,+++,i, }.n —2k=2, and
(1) H,’1 UH,’Z :"':H,‘”1 L UH"”,; :M(S;

(ii) for any two different indexes {i,;} from
w1 HiUH; €Gs.

Then all the 6 elements in M; belong to at least
half of the sets in {H,-I ,eo+,H. }. Without loss of

{i2k+1 sttt

ik

generality, we assume that H; = ={1,2,3,4}.
Then by (i), we get that for any j =iys4°*47,, »
H; IS H; U H;, where

H;={{1,2,3,5},{1,2,4,5},{1,3,4,5},{2,3,4,5}}

H6 :{{1929376}9{1’27496}7{17394v6}a{2739476}}-

For simplicity, denote H = {H,  , -, H; }.
"y

it
Then we have the following 3 cases.

(2.2.3.1) HNH; #®,HNH; =®. Now, we
have the following 4 cases.

(a) |[HNH;|=1; (b) |[HNH;|=2,

(o) |[HNH; | =3; () |[HNH;|=4.

In the following, we only give the proof for
(a). The proofs for other cases are similar. We
omit the details. Without loss of generality, we
assume that HNH: ={{1.2,3,5}} and thus H=
{{1,2,3,4},{1,2,3,5}}.

(a. 1) ny=1. Now Gs ={G,}. Obviously, all
the 3 elements in {1,2,3} belong to at least two
sets among the three sets in HUG; and thus be-
long to at least half of the sets in F.

(a.2) ny=2. Forany i,j=1,,n3.,i17%j, we
have G; UG; =M; or G; UG; €G, UGs.

(a.2.1) ny is an even number and there ex-
ists a permutation (ji 47, ) of (1,++,n3) such
that G;, UG, =+ :G]‘HS , UGjn3 =M;. Then all
the 6 elements in M; belong to half of the sets in
G;. Now all the 5 elements in {1,2,3,4,5} be-
long to at least one of the two sets in H and thus
belong to at least half of the sets in F.

(a. 2.2) ny is an odd number and there exists
a permutation (j;,+**,j, ) of (1,+*+,n5) such that
G;, UG, =+ =G UG;  =Ms. Then all the

ing—2 ng—1
6 elements in M; belong to half of the sets in
{G;‘l 7"'&G]’”371 }
2,3} belong to at least two sets among the three

sets in HU{G; } and thus belong to at least half

Now, all the 3 elements in {1,

of the sets in F.
(a. 2.3) we can decompose G; into two dis-
yoand {Gj, s, G, }s
where {j1s==aju, } ={1sns}ny —2k=2, and
D G; UG, =++=G;, UG, =M;;
(i1) for any two different indexes {7,j) from
{Jor1 "'°aj713 Ve Gy UG; €G, UGs.
Then all the 6 elements in My belong to half of the

joint parts {Gj, . G;

2%k

2k

sets in {Gjl ++**»G;, b. Hence in this case, it is e-
nough to show that there exist at least 3 elements
in M; which belong to at least half of the sets in H
U{G,, ., ,---,G,-“3 y or HU{G;, | ,---,Gj”3 }UGs,
where H={{1,2,3,4},{1,2,3,5}}.

(a.2.3.1) There exists m € {jor1s s ju, /
such that G, ={1,2,3}={1,2,3,4} U{1,2,3,5}.
Without loss of generality, we assume that G;,, |
={1,2,3}.

(a. 2.3.2) There exists m € {jor1s s ju, }
such that G,, <{1,2,3,4} but G, £{1,2,3,5} and
for any m € {joys15++* 470, 1+G, #{1,2,3}. Without loss
of generality, we assume that G, | ={1,2,4}.

(a.2.3.3) There exists m € {jor1s s o, }
such that G,,{1,2,3,5} butG,, <{1,2,3,4} and
for any m € {jur1ssj,, 15 G, #{1,2,3}. With-
out loss of generality, we assume that G, ={1,
2,5).

(a.2.3.4) For any m € {joirs*sju, 1+ Gu E
{1,2,3,4} and G, £{1,2,3,5}. Now HC{{1,2,
6,{1,3.6}.{1.4,5},{1,4,6},{1,5.6},{2,3.6},
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{2,4,5}.,{2,4.6}.{2.,5,6},{3,4,5},{3,4.6},{3,
5,6},{4,5,6}}.

For the above 4 cases, by following the proof
in (2.2.1.3), we can get that there exist at least
3 elements in M; which belong to at least half of

the sets in HU{G;, .-+ ,Gj-mg } UG5 and thus be-

long to at least half of the sets in F.
(22.3.2) HmHﬁ iQ,HﬂH; :/@. The
proof is similar to (2.2.3.1). We omit the de-

2k+1

tails.

(2.2.3.3) HNH; #J,HNH; #J. With-
out loss of generality, we assume that {1,2,3,5}
€H N Hs, then by (ii) we know that HN H; =
{{1,2,3,6}) and HNH; ={{1,2,3,5}}). Now H
={{1,2,3,4},{1,2,3,5},{1,2,3,6}}. By fol-
lowing the proof for (2. 2. 3. 1), we get that there
exist at least 3 elements in M; which belong to at

least half of the sets in F.
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