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1 Introduction

Let g =3 be an integer. For any integer m
and n, the two-term exponential sum G(k,h,m,
n;q) is defined as

G(kshyman;q) = ie(M) ,

a—0 q
where as usual, e(y) =e*®, k and n are positive
integers with 2 >h. This sum plays an essential
role in the research of analytic number theory.
Plenty of classical problems are closely related to
it. When k£ =p is an odd prime, it is closely relat-
ed to Fourier analysis on finite fields. Many re-
searchers had researched the properties of G(k,h,
m, n; q) and obtained many interesting re-

[1-11]

sults For instance, Zhang and Zhang?

Wi A4 2019-11-06

proved that for any odd prime p with (p,n) =1,
we have the identity

1 1 3 A
S| S oma’ tma ‘ b
m=1 a=0 p

{2p3 —pt i3l p—1,
2p —7p*, i3] p—1.
They'" also obtained that

= i ma® +na|!
(7)‘ =
,,721 a:Oe p
3 42 ;1 ;3 : PO
{3;) 8+ 2 5 )+4( 5 Peifslp -1,
3p° OO, if5 | p—1,

where (%) denotes the Legendre symbol

mod p.

In this paper, we mainly consider the compu-
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tational problem of the fourth power mean of the

generalized three-term exponential sum and

Kloosterman sum

p1 p1 5
S Ex(a)e(WTaﬂ) BENGH

m=1 ymodp | a=1
where % is a positive integer, p is an odd prime.
The main tool is some properties of the Gauss
sum to compute (1) for ged(k,p—1)=1,2,3,4
when £ =3,4 and give the exact calculating for-
mulae and asymptotic formula when ged(&, p —1)
be an odd prime. We will prove the following re-
sults

Theorem 1. 1
ged (n,p—1)=1.

p 1 ”
z/: E ix(a)e(W) '

m=1 ymodp| a=1

p(p—D2p—3).

Theorem 1. 2 Let p be an odd prime with
ged(n,p—1) =2. Then

Dy 2X<a>e(m“ *“ ta,l’

m=1 ymodp | a=1

p(p—1D@2p* —Tp +8) .
Theorem 1.3 Let p be an odd prime with
—1) =3, integer » with * =1 (mod p)

Let p be an odd prime with
Then

ged(n, p
and r#1(mod p). Then we have the following i-
dentity

DY

m=1 ymodp

p(p—DQ@p" —5p +15) —4p(p—Dlyp) »

<1p—r>[e(4*1(r;—r)) 4 <—?1>.
3(47] (rp* rz))]

(2 (e,

Let p be an odd prime with

$1 @emd ta ta +“ taylt

a=1

—2p(p = Dzlyz) »

Theorem 1. 4
ged(n, p—1) =4 and integer r with »* = —1(mod
p). Then we have the following identity

DS Ex(a)e(ma +“ ta,|
m=1 ymodp! a=1

p(p—l)(Zp-—7p+24>—2p(p—1)-
4 g 2\ 4y
@[e<7>+e<T>+2( )e r

P
2(%)4_;{”)1

Theorem 1. 5
(n,p—1) =d far less than p. If 2/ d, then

2 Z Z (a)e(ma ' t+d’ +a) _

m=1 ymodp a=1 j

2pt —7p? +O(1ﬁ).

Let p be an odd prime and gcd

2 Preliminaries

At first, we introduce some properties of the
Gauss sum modulo p. Let y be a character de-
fined modulo p. ¥, is the principal character mod-

ulo p, then

Dy =

ymodp

{O, a Z 1(mod p);
p—1, a=10mod p).
By the orthogonality relations for Dirichlet char-

acters, we have

D)y = Dyl =
x(a) x X

ymodp ymodp

O, a %b(mOd p)v
p—1, a=0b(mod p).

The Gauss sum of a Dirichlet character modulo
pis
S a
() = D x(@eH) .
a=1 [)

Let y be a primitive character mod p. we have

» b
Zx(a)e(&) = Zx(nfl)x(na)e(&) =
a=1 p a=1 p

x(n DG .
If % is a real primitive character mod p, then
Vo x(—D =1,
() =
If % is a n-th character mod p. then for any inte-
ger m with (m,p) =1 we have

2 <%) = 2(1+X(a) + o (@) + e+

a=( a=0

(a))e(™y
' (a))e »
Particularly,
1 2 1 .
Dy = 3T +ypla)e™) =
a=0 p a=0 p

1
Dy @e™) = () (m) .
X » xXz’x

a=0

Let a and b be two integer and ged(2a,N) =1,

we have
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Lemma 2.1 Let p be a prime with 3| (p —

=1(mod p) and =1 (mod

1), integer r with »°

p), thel’l
PGP =1 +b(r—1)
P
102 _ 1 20, 2

p+1fe(w)ze(w) _

4 =0 P
G =) K G )
(———— ).
e P uzz;)e P

Proof According to the properties of the re-
duced residue system mod p, if b pass through a
reduced residue system mod p, then a =" and a
=q —27 ! also pass through a reduced residue sys-

tem mod p. We obtain

2

ie(/ﬂ# —D b =D,

b=1 p
1
a—2G—7) —4' G —+
e( =
Z 4
- — . & a(r
ptl—e N e lr =)

a=0
47— ) (Gt —r)
(————) (——).
" ;)e »

This proves the lemma.

Lemma 2.2 Let p be a prime with 3| (p —

=1(mod p) and r#1(mod

1), integer r with »*

p) s then
5 i (EF =DE@ =D e =D =Dy
a=l = p
a;él.r,r
_ 1 —r\r AGP —1)

e

ﬂ;@(%)[e(* =+ (= P He <—>]

Proof According to the properties of the re-

duced residue system mod p, if ¢ pass through a
reduced residue system mod p, then c¢r also pass
through a reduced residue system mod p and +* +
r+1=0(mod p). Thus we obtain

p1 pl

D Z & ‘(¢ — D@ —1)p+c‘(r—1)(a — Dy _
a=1 =

<z7‘1.1’,r’

S8 202 —DW@ =D +cr—Da—1D
IINE ) —
1 16

=1 = b
(P*D*E( 3(7—30’)7
) 2 pl
Ee(?)t Z;r?)c 1+ZE
=1 a=2 =
D@ =D +cr—Da—1D,
e( - )

1

2 (—2¢ ¢

2 (Sc +3c (2)

From the properties of (fauss sum we
know that
1 ma®

(7) = () (m) .

a=0

From the properties of the reduced residue system

mod p, we have

P2 pl

ZZ (& G —D@ — 1D +<(r—1)(a—1))
a=2 =1 p

p—=2 p—1 o (a )

22 AR TCESY)

a=E =0 p

e((]’z _r)(paz _1)(:2) 7(1773) —

p—2 o (a 1)

Eet(’r )4(a+1) x2 ((r—77)

a=2 p

(@* —1)e(y) —(p—3) :T<X2>(17*r)-

P2 2 (a—l)
) A TEa ] PACT S SRR
a=2 p
Let b=a+1=3,4,--,p —1. We have
a—1) _b—2_, ., . _ o

b pass through a reduced residue system mod p,
then a=(2b6)7" also pass through a reduced resi-

due system mod p, so

T(X2)<1;r>h§ie<(r2 —7’)(4;l —271/771)>.
et =270 —(p—3) = () .
_ 1 2 -1
<%>;e((r r);4 a))'

LA —a) 71_()(2)(1;7’)6((72 —pr)4*1 ).

(47D —T(Xz)(lijr)e(i(rz ;”47] >

oy 1—r —(p—3) =
1 4~ 5 Je @@ —(p—3)
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3 2(p) (l ;r>e<(r2 *pr)éf1 )7

T(X2)<T;1)e<*(rz ;r)4*1> ’

the thirth part and fourth parts of (2). Then,

from the propertie% of Gauss sum, we get
Z (= 3C)+2 (3c ;3():

=1
3\r ,—3. 4"
T<X2>(p )[aip ) +
e A L S T
( 5 e -2
This proves the lemma.
Lemma 2.3 Let p be an odd prime with 4 |

(p—1), integer r with ¥ =—1(mod p), then

p—1

— 20 +b(r —
( _
2,
B 2 471y — 4y
p+1 «/p(p)[e(p ) He(—) ).

Proof According to the properties of the re-
duced residue system mod p, if b pass through a
reduced residue system mod p, then a =b"" also
pass through a reduced residue system mod p.

From the properties of Gauss sum we know that

1 1
2)6<%> = ngxa)e(—)

Then, from the orthogonality of the characters
mod p, we obtain that
p—1 — 2 —

/ﬁle p
E“’El —262(172—1)+(r—l)c(17—1)):
P
—t Gr—1)? L b1
1+/Z:Ze 4 2(b+1) T(XZ )Xz Q2=
. b

DY

m=1 y modp

2 (a>e(ma +pa +a)

a=

1

—1
p+1—@(i)[e< Tyt ‘;rﬂ.

Lemma 2.4 Let p be an odd prime with 4 |
(p—1), integer r with ¥* =—1(mod p), then we

have

b

=2 =1

i ie(*Zcz(az -1 +c(r*1)(a*1)) =
-

—1 —1
5 —5[447%(2(2) +e<%> +

7.

Proof According to the properties of the re-

oy, _
e( )z (2) + e

duced residue system mod p, if a pass through a

“1al-

reduced residue system mod p, then b=4"'a
so pass through a reduced residue system mod p.
From the properties of Guass sums and reduced

system, we obtain
2 pl

2 2 (*ZL @ —1 +c(r*1)(a*1))
— = b4
ara

&og-nre oL

Dle 8(a +1)

o ’

G (— 2@ — 1) = (p—5) =

-1 -1
5 —ﬁ[a%ﬁpm +e(47) +

_ 717’- Y |
e( )2 (2) +e( ).

The proof is end.
3 The proof of the main results

Proof of Theorem 1. 1

of characters mod p, we obtain

By the orthogonality

"(a" —1) +6°(a? —1) +ba—1), |2

(p »

m=1 a=

p p1 p1 pl

) =

P<P—1>3+<P—1>ZZZZ e A Ve VR e (e V] G VIR G VR DI

m=1 a=2 b=1 =

p(p—D*(2p —3).

This finishes the proof of Theorem 1. 1.
Proof of Theorem 1.2 By the orthogonality

b

of characters mod p, we obtain
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» 1 n 2 4
S ZX(W(M) _
m=1 ymodp! a=1 p
r-1 n n o __ . o 2
(p mb (a" — 1) +b (;z 1) +0Ca )) o (p— D pp—1) +
m=1 a= =1
2 /fl 1 ‘ A
"W —D@ =D +EG D@ 1D b —D@—1D
(p—1D (me ) =
’ 2222 ;
p(p—1@2p* —Tp +8).
This finishes the proof of Theorem 1. 2. of characters mod p, we obtain

Proof of Theorem 1.3 By the orthogonality

-l 20 2 o 2
E E EX(“) (ma ' +d° +a) b (p Dt p(p— D Ze(b (r D +6(r 1)) 4
m=1 ymodp' a= p b=1 p
2 . . 2
»Cp— b (r =1 +bG7° )) L
P
1 neon 20 2 _ 2
(p e(mb (@ — 1D +b@ —1) +bla 1)) 3)
=1 = =1 b
a#l r, r
According to Lemma 2. 2, we can calculate the second part and third part of (3) as follows.
1 202 _ 2 _ _
p(p—1) Ze(b (r 1)p+b(r 1))‘ — p(p— 2 (1) r—1) ;)rb(r 1))
b=1 b=
B - B 471G =) 471G =)
pp—D(p+1) —p(p 1>T<Xz>( ") e p (5, He (D),
According to Lemma 2. 3, we focus on the fourth part of (3), which is equal to
[) 1 [) n n o ___ JE— N
(b1 Z Z Z (mb (a D +6 @ —1 +bla—1)
a=1 m=11 b= P
a#l,r, rl
(p—1D Z 2 21 i mc" (0" — D (@ — 1) +GF —pl)(a2 —D+cb—1Da —1)) _
ailﬁ[ . m=1 b=1 c=
B s e S B 1—r 471G — ) —1 4GP =
pp =D GF —5p +12) = 2p(p — D) ( P e ) + v )aip )]
41
2p(p — D) ( Jle—2=4— >+( v b2 rall
Thus
» p-1 '
E E Ex(a) (WJ;%“W)
m=1 y modp a=1
o . - L 4 (r —7r) —1\ 4G =)
pp—1D@p* —5p+15) —4p(p — Dely) ( ") e )+ ( 5 )aip )]
o 3\ — 1\ 3.4
2p(p 1)r(){z)<p>[e(7p ) (e rll
|
This finishes the proof of Theorem 1. 3. different root of ' =1(mod p). By the orthogo-
Proof of Theorem 1.4 Iet 1,r,7°, —1 be nality of characters mod p, we obtain

b ! n 9 y
3 Zx(an(ma;iaﬂ) .

m=1 ymodp! a=1
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mb (a"— 1)+ —1) +bla—1)

(
p a=1 m= =1 p
p1 o712 o 2 1 o 3 9
pp =D —2p+2) + plp—1) Zd%“”)‘ +p(p—D 24%) +
b=1 b=1
2 1 n n o 9
(pil)zz Z(Mb(a 1)+bp W
m=1 a=2 b=
u;ﬁrr
According to Lemma 2. 3, we can calculate the 2p(p —D(p+1) —2p(p—1)
sum of the second and the third part of equation f<£)
(4) as follows.
G i (7%2 +b(r7])) 5 . According to Lemma 2. 4, we can obtain the
pLp L ¢ » fourth part of equation (4) as follows.
VPR 3 _
p(p—1) Ze< 260 +6(G° — 1)
b=1 p
p 2 1 n n - -
(P*DZZ 2 (mb (a" — 1) +¥* (Z D +bla 1)> _
m=1 a= 2 b=
41747’7

p2 p1 pl

(])*1)2 Z EZ <7m“(b” — D" —1) + 20 —pl)(az — 1) +<‘(17—1)(a—1)) _
m=1 a= 7 b=1 c=

ar, I

—1 —1
Pp =D —Tp+20) —2p(p— 1) @@(476;{2(2) +e(47) +e(=

)+e(

Hence 2< 2 )e(i 4’1;’)]'

J) r-1 n 2 ;
E E Zx(a)e(w) !
m=1 ymodp! a=1 p

- This finishes the proof of Theorem 1. 4.
p(p —D(p? f7p +24) —2p(p—D/p »

Proof of Theorem 1.5 Let d be the smallest
positive integer such that ' =1(mod p). By the

< p ) <7) * orthogonality of characters mod p, we obtain
1
3% Zx(a)e(ma +“ ma' tal |t _
m=1 ymodp! a=1
s neon 202 _ 2
(p a' — 1 +b6° @ —1) +bla 1)) —p(p—1F
a—1m=11 b=1 P
/rl 9 . - 2 1 20,4 2 _ 2
Cp(p—D Ee(b G — 1D +b6Gr—1) Y pp—D) Ee(b G =1 +o(r 1)) T
b=1 p b=1 p
1 od -
G =D G — D
+p(p —1 ( +
p(p 25 5
pp—1) 2 Z 2 (mb”(a”—l)Jr/) (;1 —D +l)(a—1)) )
" a#1lrr .,"'.rdil "
|
Then we focus on the second part of (5). By the method similar to Lemma 2. 3, we obtain

2

1 202 _
) Ze(b (r 1D +b(r 1))

p(p—1
pp b=1 p
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polopl 2072 2 L o
P(P—l)ZZeC(b DG D +cb—1D(r 1)):
=1 =1 b
r2 [ =D& =1 !
P(P*l)Jr])(j)*l)r(Xz)Ee 4 +D G+ 1) Xz((b2*1)(r2f1)) =p° +0(p?),
b=2 p

and of Theorem 1. 1~Theorem 1. 4, except the proof
of the last part of (5). By orthogonality of char-
acters mod p, we know

—2(p7 —p?) — p<O(p?) <2(p* —p?) —p.

The rest of the proof is similar to the proofs

|
Vi 1 1l n n o __ 2 2 o 2
(b1 Z 2 Ze(mb (a 1) +6°(a 1) +ba 1)> _
m=1 a=1 b=1 p
aFELyryr? ey 4]
r 1 plopl SN2 no__ no__ 2 _ . . _ _
(pil)z E 2 Ze(m‘ " —1Da" —1) + @ pl)(a2 D +cb—1D(a 1)) _
" ] L{il . 7‘.1"2:9]'“ . I"[i1 /7: l . l
1 1 2 o 2 o o
p(p—Dp—d—1 +p(p—1 Z Ze(c P —D(@® —1) +c(r—1)(a 1))+”_Jr
a=1 =1

a#1,r, r2 goee A,r‘dil

Ve L o ap2 2 o=l _
p(p—1 2 Ze(c (P 1 (a 1)p+<(r” D(a 1)) 6)
a=1 c=1

a¢]yr.r2 .“',1'1171

In what follows we calculate the second part of From the properties of Gauss sum and residues

(6) the rest parts can be done in the same way. system, we know the second part is

>

1 1

20,2 _ 2 _ _ _
p(p—1) Z Z o * — 1 (& 1)p+c(r D(a 1)) _
u¢1.r.ar;.1--~,r"" o
1 (r—l)(a _1)
p(p — Dzly) 2 el 4 +D@@+1)|
a=1

a# Lt e 4 p
2 (P =@ = 1) —plp—D(p—d—1) =0(p?),

where

d+Dpp—1) —d(p? —pT)<OPpT)<(d+1D) p(p—1) +d(p? —p?).
Hence, the last part of (4) is

P 1 1 N . , , 2
(p—D (m ) )
41¢]-,1‘.r2,---,r‘1 1

p(p =D p—d—1 +0(p?) = p* —(d+3)p’ +0(p7).
where
(2d+3)p* —(d+Dp+(d>—Dp(p—1) —d(d—1D (p? —p?) <O(p?) <
(2d+3)p* —(d+D p+(d> —1) p(p—1) +d(d—1) (p7 —p?).
\

Thus G Vam) n
us 2 2 Zx(a)e(w) b

m=1 ymodp! a=1 p
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2p' —Tp* +O(p?).
where
—(d+2(d—1D)(p? —p?) +(d +2d+2) p* —
(d* +2d—1D p<O(p7) <
(d+2)(d—1)(p? —pi)+
(d? +2d+2) p* —(d> +2d —1) p.
This finishes the proof.
Corollary 3.1 Let p is a prime with 3f(p—
1), then

1 g
Zp: E Zx(a)e(m“%%m) ! —

m=1 ymodp ! a=1
p(p—1D2p —3).
Corollary 3.2 Let p is a prime with 3| (p—
1), integer r with ¥ =1(mod p) and rZ1 (mod
p), then

D)

m=1 y modp

p(p—D(2p* *5])+15)*4P(1)*1)1’(){2) .

(1;r>[6( (; *7))+( p >

ZX(a)e(ma +a +a

a=1

47— 4 - 3.

e ] 2p(p 1>T<X2>(p)
3.4 1\ 34"

Lo >+(—p )e( il

Corollary 3.3 For any prime p, we have the
following asymptotic formula

p
2 E 2 (a)e(maj;%aﬂ)

m=1 ymodp | a=1
2p" —T7p° +O(p?).
Corollary 3. 4
{(p—1), then

DY

m=1 3 modp
p(p—1DQ2p* —T7p +8).
Corollary 3.5

1), integer r with ¥# =—1(mod p), then

E E ZX(“) (ma J;a +a

m=1 ymodp' a=

p(p—1DQ@2p* —Tp+24) —2p(p—1) »
4! —4! 2\ 4
@[6<7>+e<7>+2(p)e r
2 — 4y
2<P)e( » ).
Corollary 3. 6 For any prime p, such that

Let p be an odd prime with 4

p—1

S lare(eta ta “ ma’ ta bl

a=1

Let p is a prime with 4| (p—

the following asymptotic formula

» 1 ;
Z 2 Zx(a)e(maﬁij;ﬁ) ! _

m=1 ymodp | a=1

2pt —9p° +O(p?).

Problem In Theorem 1.5, we discussed the
2|d. when 2/ d, the situation will be more com-
plicated. By now we still have not found an effec-
tive approach to calculate it up to now, so it is
still an open problem.

On the other hard, we can only obtain the
asymptotic formula for Theorem 1. 5.

Conjecture We leave the following conjec-
ture :let p be an odd prime and ged(n,p—1) =d
is a fixed positive integer. If 2|d, then we have

the asymptotic formula

Z Z Z (a)e(ma ' +adt +a) _

m=1 ymodp ! a= 1 ]

2p" —9p° +O(p?) .
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