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An asymptotic formula for the ged-sum function of Jordan’s totient function
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Abstract: Let gcd(k,j) denote the greatest common divisor of the positive integers £ and j, r be any
1 k

fixed positive integer. Let M, (x5 f) ::2 k<o pril E 7 f(ged(k.j)) , where x==2 is any large real num-
i=1

ber and f is any arithmetical function. Let J, denote Jordan’s totient function defined for any integer n=>

1 by J, (n):=nk]_‘[(1 —ﬁ). In this paper, by using the identity of Kiuchi on M, (x; /) together with some
plin

analytic techniques, we present an asymptotic formula of M, (x;J,). These complement and strengthen

the corresponding results obtained by Kiuchi and Saadeddin in 2018.
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i tion, is defined b
1 Introduction ion, is defined by

PG = > ged(kan).
k=1

Let gcd(k,j) be the greatest common divisor
of the integers 4 and j. The ged-sum function, This function has been studied by many authors

which is also known as Pillai’s arithmetical func- such as Broughan', Bordelles™ , Tanigawa and
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Zhai®!', Toth'", and others. Analytic properties x=2,
for partial sums of the ged-sum function f(ged(j, £
. M. ( )i=D, — (ged(k,j)) =
k)) were recently studied by Inoue and Kiuchi - wif ; s 2 A /
We recall that the symbol * denotes the Dirichlet 1 2 f(n) 1 2 * f(d) 4
. . . . ;1 d
convolution of two arithmetical functions f and g n< o di<
which is defined by 1 v(r+l wx f(d) f(d) 1
r+144 ( Zm )B?'" (; o D

frgn = > f(dgn/d)

d|n

for every positive integer n. For any arithmetical
function f, Kiuchi®® showed that for any fixed

positive integer r and any large positive number

n(x)

Here, as usual, the function y denotes the Mobi-

us function,

J , if x=1
—1( —1)*%, if x is the product of £ distinct primes,x = p| ps***ps»

0, if x is divisible by the square of a prime,

B,, =B,,(0) is a Bernoulli number, where B,, (x)
is a Bernoulli polynomial defined by the genera-

ting function

m

e *1 =
with|z| <2. Many apphcanons of (1) have been
given in Refs. [ 6-8]. Some related results are ref-
ereed to Refs. [9-11].

Let £ be a positive integer. In number theo-

ry, Jordan’s totient function J, is defined by
JrGo :nkﬂp\,,(lfi),

where p ranges through the prime divisors of #n. Then

Ji is multiplicative, > Jo(d) =t o Jo % 1 =id,

dln
and J, =p % id, , where the function id, is defined

by id,(x) = 2*. Let id :=id,,id (x) =x. Then
Ji=¢s ¢=id * ppand ¢ ¥ 1 =id. We can state the
main result of this paper as follows.

Theorem 1. 1

Then for any fixed positive integer  and any large

Let a be a positive integer >>1.

positive number x>5, we have
1
ERCET

1 a+1
r+lga+1) ¢la+2)

M, (x5 1) = (

Jr

[r/2]
1

r+1
G+D@+D §2<a+2>2< o JButla

t=1

2t + 1)) a7 + 0.

2 Preliminaries

Lemma 2.1 (i) Let =1 % 1 be the divisor
function. Then for any large positive number x,

we have

Dle(n) = zlogr +2y — 1D + AG@)  (2)

n<ux

where ¥ is the Euler constant and error term A(x)

can be estimated by A(x) =0(2?"), it is known

that one can take % <€<%;

(i) Let ¢, =id, * 1 be the generalized divisor
function for any real number « and let a==1 be an
integer. Then for any large positive number x =

2, we have

> a0 = SED w400 (3)

n=x

where ¢ denotes the Riemann Zeta-function, that

is ¢la) = 2 1
(ii1) For any large positivenumber x > 5,
we have
2 D O )
/x(n) 1 o(x)
2 §(2)+()( =) (5
;1(71) 1 8(1)
2 = n +OCED) (6)
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—C (log x )%1 J

(loglogx )®

Proof (2) is Theorem 7. 3 of Ref. [12], (3)~
(6) follow from Ref. [13].

Lemma 2.2 Let £ be an integer with £>1.

where §(x)= exp [

Then for any large positive number x > 5,

we have

D M OB ()) D

n=ux

(p* y)(n) 1
2 n’ C (2)

(% ,u)(n) 1
E n* RS

Proof (7) and (8) are shown in Ref. [5].

Now let us show (9). Since

0 )

n=ux

+o<iﬂff> 9

n=ux

g* g)(n gé _ 2
”ZJI n" (Z ) (é’(k) e
it follows that
* )(n * )(n)
E (p % /1)(77) 2 g*g)(n)
— E(k) e n*

Putting g(n) :nTl,] , it can be easily shown that

g+ g =0C).
Therefore by partial summation and (7), one has

2 (g*ng)(n Z (> g)(n)g(n)f

n>x n>x

Z ‘jl—mg([rjﬂLl)—

n=x

3P 2D (g (1) g () =

n>x [<<n

o<5(1’> N 8<")>

n>a

In what follows, we claim that Z % -
n

n>x

1
O .

To prove the claim, we use the partial

summation formula with f(n) =1 and g(n) =—;

to get F(¢1) =[¢] and g’ (1) = —kt *'. We have

>l fjwfm yde =

—— - /eJ *dzw»J{}ﬂdz):

x x

— TR ,,L+O<%>:

I

1 1 y,
h—1 71 zfl

as claimed. This completes the proof of the
claim.,
Since §(x) is monotonic decreasing, it fol-

lows from the claim that

2 (p* ;z)(n) 0(8(,i1)) 4
06> Ly — o<i§iﬁ>.
Finally, one deduces that
(p % /,L)(ﬂ) 1 o(x)
2 “em TOE:

Thus (9) is true. LLemma 2. 2 is proved.
Lemma 2.3 Let a be a fixed number with 1

<<a. Then for any real number x>1, we have

Dt = — T 0 (10)

n=x

Proof We use partlal summation with f(n) =
1 and g(¢) =z*. Then F(¢) =[t] and g’ (t) =a
t*~'. Thus

2 nt =[x]a *J[[]a tlde =

2 =)t — (Jaz‘ dr —

1

J{{ yaretdy) =

x“ﬂ—

+O") =

+ 1
as required. This completes the proof of Lemma
2. 3.
Lemma 2. 4"

ber with m>1 and t >1. Then for any sufficiently

Let m,t be a fixed real num-

large number x>2, we have

a,,,(n) _tm+D
; Com—t+1

Let a>>1 be a positive integer.

27O (D

Lemma 2. 5

For any large positive number x>5, we have

]1+a(71) 1
; A4y T

Proof Since J, =

ﬁ :idk * ldﬁ
id id id " id

a7+ 0.

p*id, s we have

*ldﬁ l*ljj_

;IZL * l.dkfl.

Hence
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Z_Jl‘a(n) Z}-(%)(”) = Z; Q*dg)(d) 6(1(7)
;Uimd)(n)f;%#(d)w—) ;MZZ
Let l:Z. Then dl=n<x, lgj. Thus By (3), we derive that\d
ZZ"(‘”W—) 72#@1)2 id, D). ;Ji/;’)&,zd
nr dln d=r —
By (10), one gets that E E (‘u*’;)(d)(é,(a erll)(d Yt +
2 ;%E id. (D) = 3 "(d)<(7 L G = §<a ++11> Z e

O(( ) =

2 -
d\f - 6[7 ‘ d<x d ‘

By (6), we arrive at

E]Hn,(?’l) E/x(d)E d (Z) _

n=x
<< 1

1 I+a 1 6(1)
1+a” (§<2 T TOGERD) T

( 1
¢l +a)

1
(1 +a)g2 T

as desired. This finishes the proof of Lemma 2. 5.

000 =

1+u +()(T )9

Lemma 2.6 Let a1 be a positive integer.

For any large positive number x>5, we have

* ]l+u)(d
2 e

a-+1
ta+1) ¢ a +2)

Proof Since J, =p

(> Ji) ()
PIPIRCE

n=ax dln

2+ 0.

% id, ,» one has

(ux Jp) idy % p* p idy L LXp _
Y e B
idk,l*%ﬁ*1:%ﬁ*idk,l*1:
%M*O'k*l-

By the identity E/% x 1 :%H *op1s We get

2 Z gx JH-a)(d)

n=x dln n=x

Z(J%ﬂ—)* 5 () =

>l D

n=x dl|n

. Then dl=n<x, z<§.

Let = Hence

Uz

) S Dy ey

=Sl ) —

d<zx

By (9), we derive that

D) d
ZZ (p * 161; Z (u d{é)()

n=x dln d<x

_ a+tl1 1
2 0.(D = §<a+1><§2<a+2) -

l\d

o5 ) g o))

a+1
ta+1 ¢la+2)

as required. The proof of Lemma 2. 6 is com-

O(x*) = 2T+ O,

plete.
Lemma 2, 7 Let ¢ be an any positive inte-

ger. For any large positive number x>5, one has

2 g JlJm)(d

dl<<x d ZZT
22#*.}1\11(6{) d)
n<x dln
C(a +2[ +1) 1,u+1 _._O(xa).

(a+1)¢a+2)

Proof Since Ji+, =p % id, 1., one has

id*Zm * id*?t 2 d 2”7(
d|n
2t—2.
d’ " 1 d?/ om __ O02—2m
: R
dln d\” [N

It follows that

o _pxidiea*p
w* id = a1+ % id_y =

id id

idiva  p¥p, id_y —id, x P2l % id_, —
id ) id

123 * 23 . . _ MU * g O-ZT+M
id ideridoa =TT

Then we can deduce that

S (p* Ji D))

(u* Jird)
d zlr 2 a

n=x dln
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/2
o gé) O2tta _ _ 1 r+1 é’(a +2t+1 u—H
id () = 2( id id,, " I = ( 2 >BZf( De@rnt
)(d Corta s M~ o oy et
2; idy 4T O=)) (r+Da+DHa+2)
Cr/27]
Let l—g Then dl—n<r,l<d. Hence ; (r;1>32[ X gla +2t +1) + 0
2 gé*g)(d 2 02t+a(l) (15)

d<x d

2t
X
= =d

Then, by (11), we obtain that

(e * ) (D C(a +2t +1)
; d a+1 (

X \a :§(a+2t+1) (ux () .n
O(d *) a-+1 Z at? v

)a+1 +

d<x

() o
dZJJ—d/jl—a ).

By (9), we get that

flatartD)
A (a+1D

0 G, ﬂ)m( -

ta+2u+) . .
(a+l)§2(a+2)1 +O(x).

This concludes the proof of Lemma 2. 7.

3 The proof of Theorem 1. 1
Letting f=J14. in (1) gives us that

k
MGesli) =2 2 D0 0w Ceed (ko)) =
2 2

1 ]1+a(n) 1 (/,(* J1+¢,)(d)
2 2 T+1d1<~ d +
[r/2]

1 r+ g Jl+¢l)(d
r+1,:1< 2t >B2’Z, d sz B
Ji+J: + s 12

where
7i ]1+a(71)
- g JHa A\ )
P14 d ’
[r2]
o 1 g* ]pm)(d) 1
- ( 2t >Bz‘dlzz d Iz

From Lemmas 2.5 to 2. 7 one has

:% at1 a
J (1+a)§(2+a)1 +O0(x") (13)
1 a+1 R
Lmrma%a@rve@pt T

14)

Putting (13) to (15) into (12), the desired result
follows immediately. This finishes the proof of
Theorem 1. 1.
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