2017 4 11 A
Bo4E H6H

Journal of Sichuan University (Natural Science Edition)

Wl K FFRCE LA F R Nov. 2017

Vol. 54 No.6

doi: 10.3969/j. issn. 0490-6756. 2017. 06. 003

MM Banach A FE ST FHIA X BIEINE

/N B

CRER B 2 R 300350)

W E. KLHR T A Banach =] H, Loy 5 45 F 69 R A G IR, AL AT e 4169 R
Bl AXL R THBILSATFAARIRBEARE e R T DA IEIRMEG A5 &4, i, KT

2B TSR Eeg AR AT AR AE IR,

KEW: RXBIEFRME; A4 HFF ;A Banach = 4

FESES. 0192 X EtFRIRAD . A

XEHS: 0490-6756(2017)06-1141-05

Disjoint hypercyclicity of composition operators on weighted

Banach space of holomorphic functions

HU Xiao-He

(Department of Mathematics, Tianjin University, Tianjin 300350, China)

Abstract; In this paper, we discuss disjoint hypercyclicity of the composition operators on the weighted

Banach space H.?,. Underlying the difference of the analytic maps,we obtain some sufficient conditions

for the disjoint hypercyclicity and disjoint supercyclicity of composition operators. We also obtain a par-

tial characterization for the hypercyclicity of weighted composition operators on.
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1 Introduction

Let D be the open unit disk in the complex
place C, H(D) and S(D) denote the set of all hol-
omorphic functions on D and the collection of all
holomorphic self maps of D. Eachu € H(D) and
¢ € S(D) induce a linear weighted composition
operator uC,: H(D) — H(D) by uC,(f)(z) =
u(2) flp(z)), for every f € H(D) and = € D.
When u = 1 and ¢ € S(D), we obtain the compo-
sition operator C,. For more information about
composition operators, we refer the readers to see
Refs. [1~3].

Let B(X) be the spaces of bounded linear op-
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erator on a separable infinite dimensional Banach
space X. T € B(X) is called hypercyclicity if there
exists a vector *x € B(X) such that the orbit
orb(T,x) ={T"(x):n €N}. Such a vector x is said
to be hypercyclic for T. We refer the readers to
Ref. [4] for more examples and background about
linear dynamics.

In this paper., we consider the hypercyclicity
of multiples of composition operators on H,,
which has been characterized in Ref. [5], where

H ={fe HD), I fl.=

sup(1 —| = |9 | f() |},

z€D

H ), ={feH , I fl.=
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lim (1 —| =

-1
A map ¢ is called to be a linear fractional map

azjr_g whereab —cd # 0. If (D) C D,

p(z) =

cz
¢ is said to be a linear fractional self-map of D.
We write LFT(D) to refer to the set of all
such map.

Theorem 1. 1(Denjoy-Wolff) 1If ¢:D — D is
analytic map with no fixed point in D, then there
exists a point w € JD such that ¢"—w uniformly
on compact subsets of D.

We call ¢ to be elliptic type if ¢ € Aut(D),
and ¢ has a fixed point in D. By Dejoy-Wolff itera-
tion theorem, we know the nonelliptic type can be
divided into three parts. Let w be the Denjoy-
Wolff point of ¢, we say ¢ is of dilation type if w
€ D hyperbolic type if w € dD and go/(w) <1, and
parabolic type if w € 9D and g/(w) = 1. Miralles
and Wolf" studied the hypercyclic acting on
H? (D) induced by linear fractional maps.

Motivated by the above results, we charac-
terize disjoint hypercyclicity and disjoint supercy-
clicity of composition operators on H.,;. We con-
struct different dense subsets X,,X,,++. Xy map-
pings S;,: X, > X (1 <[< N,k &€N) and some
proof skills completely different from the skills in
Hardy space and H,,. More specifically, we use
the Denjoy-Wolff Theorem and the fact that the
multiplication operator M. . has dense range
inH, to construct the above dense subsets. Then
we obtain the mappings S, which satisfy the
second condition of d-Hypercyclicity Criterion™.

Besides, by the definition of norm on H;, and the

weight v(z) = (1 —| = |?)*, we get the third con-
dition of d-Hypercyclicity Criterion. In general,
the definitions of norm are different in the Hardy
space and H;,. For the special composition opera-
tors, we obtain some sufficient conditions of the
disjoint hypercyclicity and disjoint supercyclicity
on H_,. Finally, we also obtain a partial charac-
terization of the hypercyclicity of weighted com-

position operators on H, ;.
2  Main results

In this section we discuss disjoint hypercy-

clicity and disjoint mixing behaviour of finitely
many linear f{ractional composition operators on
H.,.

Definition 2. 1) The operators(T;.,); »
«,(Ty.,),=1 acting on the same topological vec-
tor space X are disjoint hypercyclic (respectively,
disjoint supercylic) or d-hypercyclic (respective-
ly, d-supercyclic) for short if there exists a vector
inx € X such that the vector (x,**,2) is hyper-
cyclic vector (respectively, supercyclic vector) for
the direct sum operator T; @ T, @+-@® Ty on
the product space @Y, X. Any such vector is
called a d-hypercyclic vector (respectively, d-su-

Ty I

the d-hypercyclic vectors (respectively, d-super-

percyclic vector) for the operatorsT,, :--,

cyclic vectors) form a dense set in X, we call the
operatorsT,, =+, Ty d-hypercyclic (respectively,
d-supercyclic).

Definition 2.2 We say that N = 2 sequences
,(Tx.,)21 in B(X) are

d-topologically transitive ( respectively, d-mix-

of operators (T, )1,

ing), provided for any non-empty open subset
Vose,Vy there exists m € N such that

VoNT L, (VO N NTRL (V) #D
(respectively, Vo, N T L (V) N NTYL (V) #
& for allj =m ). Also, we say that N =2 opera-
tors T, ,++, Ty in B(X) are d-topologically transi-
tive ( respectively, d-mixing), provided that
(T1,) =15 (Tn.,),21 are d-topologically transi-
tive sequences ( respectively, d-mixing se-
quences).

The following definition so-called d-Hypercy-
clicity Criterion™.

Definition 2. 3 Let (n,) be a strictly in-
creasing sequence of positive integers. We say
that T, ,++, Ty satisfy the d-Hypercyclicity Crite-
rion with respect to (n;), provided there exist
dense subsets X, X,
Sie: XX <[<N,k€N) satislying

(1) T7+—0 pointwise on X, ;

, Xy, of X and mappings

(2) S,.,—>0 pointwise on X, ;

(3) TS, ,—1d; X, pointwise on X,.

In general, we say that T,,+, Ty € L(X)
satisfy the d-Hypercyclicity Criterion if there ex-
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ist some sequence n,, for which the above condi-
tions are satisfied.

Lemma 2.4 Fore >0, w € C\D, the multi-
plication operator M. ,: H,,—>H_, ,

f(2) > (z —w) f(2).

Proof Since the set of all polynomial p €
H., by range of function M._,. Without loss of
generality, we assume that w € Rand p(w) = a.

Since 111‘1’1(1*‘2‘ )¢ =0, for anye >0, there ex-

-
ist 0 < r < 1 andn, € N such that

"
A= z|")<e 0
lal
if

n
| 2| > rand r' <e w0

lal”

n 0

(z)*

-a. It is

Then the polynomials ¢(z) =

obvious that g(w) = 0 and q(2) € H_,, thatis, q
€ range of M .. It follows that
S}p(l —|=zH) | pl2) —q()| =

Z()

sup(l*\z| )e \

T=r

71()
a| \%\a| <e,
w'o

sup(1— [z p2) —q(2) | =

20 al < lal

sup(l—\z| )« \ wnu\a|<e.

=r

So
I p(2) —q(2) Il
fgg(l —|zH ] pl2) —q(2) | <e.
This completes the proof.
Corollary 2., 5"
teger, and A C C\D be a finite set. Then the sub-

Leta > 0,m a positive in-

space of polynomials vanishing at each point of A
dense in H. .

Lemma 2.6 Suppose that ¢:D— D is an ho-
lomorphism function and ¢ has no fixed point in
D. Ifw € C\D is the Dejoy-Wollf point of ¢, then
for any holomorphic function p,

k“f{? I pCp") —p(w) I, =0.

Proof Set M:max{mea%({ [p() [ (1 — |2

)}, | pCw) | }. Since p is bounded holomorphic
function, for any ¢ > 0, there exists § > 0,

such that

2) — _€
| p(2) —q(w) ‘<2M

when | £ — w | << §. Since ‘lim(l —| =z [*) =0,
1

there exists 0 << r << 1, such that

(1 —| =z |9 < = 7V26Dand|z\>r

4M
Because w is the Denjoy-Wolff point of ¢, there
exists £, € N, such that

|90£(Z) 77)@‘ <87 Vk)ko.

Thus

| p(o* (z))*p(w)|< ,\7’/@>/€o

So, it follows that
igg(l—\z\z)“\p(gok) —plw) | <
max{sup(l— [z [ ple") —p(w) ],
%up(l; 2D [ ple") —plw) |} <

MJ\/I +—2Mfe

for any & = k,. This completes the proof.

Lemma 2.7 Let @@, € LET (D) be dis-
tinct. Suppose that for i = 1,2, the map ¢; €
LET(D) is either parabolic or hyperbolic, g; and
y: are attractive fixed points of ¢, and ¢; ', re-
spectively (so ¢@; is parabolic if and only if g, =

¥:). Suppose that it can not happen that both g

= B and ¢ (ﬂl = ¢, () < 1 hold. Then
R AR

and
N TR ks

locally and uniformly on C\{B,71:8: 7>}, where
p €4B Y i =142

Proposition 2.8 ILet T,,--, Ty €L(X) sat-
isfy the Disjoint Hypercyclicity Criterion with re-
spect to a sequence (n,). Then the sequences
(T, )0 s
lar, T, ,++, Ty € L(X) are d-hypercyclic.

Theorem 2.9 Let N =2, >0and1 < p <
e, For eachi =1,2,--N, let ¢, ELET(D) be ei-

ther a parabolic automorphism or a hyperbolic

,(Tn..),-1 are d-mixing. In particu-

map without fixed points in D. Suppose that there
are no two symbols ¢,,¢; having the same attrac-
=@, (B <1.
are d-hypercyclic

tive fixed point g8 such that ¢, ' (®)
Then the operators C,, ,++,C,
on H,

proof Forl << i < N, let 8;,7; € C denote

the attractive fixed points of ¢, and ¢, ', respec-
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tive(so ¢;, is parabolic if and only if g; = 7).
Without loss of generality, we suppose that g; €
dD and y; €C\D for each1 << << N. Let X, de-
note the set of polynomials vanlshmg at every
fixed point of C, ,++,C, . By Corollary 2.5, the
set X, is dense in H.),. By Denjoy-Wolff Theo-
M >z, when k — <= on any

— f(w) =0, when £

rem, we obtain that SDE
subsets of D. Thus f° ;"
ICEflla= 1 fopit
for every f € X,.
Xy s when Ao (1 <<[<IN).
Next, for each1 <i <

e fl) e =

That is, C; —0 pointwise on

N, let X, ={fe0:: f €
Py}, where Py denote the set of polynomials van-
ishing on A={B,,0:(y;)}, where 5; € Aut(D) is
defined as follows: If ¢; € Aut(D) denote the i-
dentity map on C, else, pick o: € Aut(D) satisfy-

ing 6;(3,) =B, > and a,((l+ )ﬁ ) = co where 0 <<

o<<|B:| —1. Since C, is a continuous operator on
H,,.C, has dense range on H.,,, thus X; =
C, (Py) is dense by Corollary 2. 5. Noticeing that
in either case the selection of 5; ensure that when-
ever ¢, is hyperbolic, the repelling fixed point o;
'€ LEF(D)

lies in the same component C\L, as D does, where

(7,) €C\D for the map ¢, =g, °¢;°0;

L; is the tangent line to dD at 8;. So regardless ¢,
is a hyperbolic non-automorphism or a (parabolic

or hyperbolic) automorphism, the set

A —”g g (D)
is a bounded disk.
For1 <i<Nandn € N, we define S, ,: X,—
H:\:Si. () :g0g01;7”: , where g € X, (1<<i<<N).

It is easy to see that S;, is well defined. Also,

C;, °S.., =ldx pointwise on X, (1 <i<<N).
Let g=f°0, € X,, where f€ Py,
ISing le=lgeot ™ I
I feoiepr ™ eIl foo,(y) Il =0.

That is S;.,—0 pointwise on X;(1<i<<N). When
j # L, forl <
Il Cf,j ﬂi’g le= I pegiogi “epi Il .~
| peoi(y) |lo=
Thus.C, ,-,C,

< N, we have

. satisfy the d-hypercyclicity cri-

terion with respect to sequence (k), they are d-

mixing. In particular, T,,+, Ty € L(X) are d-

hypercyclic.
Theorem 2. 10

< oo, For eachi =1,2,--

Let N >2,0 >0,and1 < p
N, let ; ELET(D) be
either a parabolic automorphism or a hyperbolic
map without fixed points in D. Suppose that there
are no two symbols ¢;,¢; having the same attrac-
tive fixed point g such that ¢, ' (®) =¢; ' (B <1.
Then the operators C, ,++,C,
on H,

Proof Define the set X, and X; the set as in
Theorem 2. 9. For each1 <<i < N,n € N, we de
fine S, ,: X,—>H_,:S,,(g) =g° gp,[ "I, where g €
X, (1<<i<<N), Itis easy to see that S, is well de-
fined. Also C;I’, °S. .,
<N).Forl <i <N, let f=p°g, €X,, then
= | nyﬁjC;k(p"o,v) =

. are d-supercyclic

=Idx, pointwise on X, (1 <{

[ Ci/S;.kg [
| pecicg; "ot eIl poai(y) o=

For any P, € X, and f; € X, , there exists a poly-

nomial p vanishing at 8,,0,(¥,;) such that f; =p-g;

€ X,. We have

N
lim | Cf po I | Zs,.,,kfj n

Hzpoaj o @f . =0.

satisfy the d-Supercyclicity Cri-

}im [

Since C, +++.C,
terion with respect to sequence (%), they are d-
supercyclic.
Corollary 2. 11
< oo, Foreachi =1,2,-

Let N>2,0 >0. and1 < p
N, let ; ELET(D) be
either a parabolic automorphism or a hyperbolic
map without fixed points in D. Suppose that there
are no two symbols ¢;,¢; having same attractive
fixed point g such that gpfl » :gafl (p) <1. The
following statements are equivalent:

(1) The operators C, ,++,C,  d-hypercyclic

on H.;
(2) The operators C, » =+, C, ~ d-mixing
on H_;

(3) The operators C, ,++,C,
on H_,.

. d-supercyclic
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3 Hypercyclicity of weighted compo-
sition operators on on H.,

In this section, we discuss the hypercyclicity
of weighted composition operator.

Lemma 3.1 Let ¢ be a parabolic automor-
phism or hyperbolic automorphism, ¢ 'is the in-
verse mapping of ¢. Then we have the following
conclusion:

(1) if g is a parabolic, then its fixed point z,
lies in 9D, and ¢, (2)—>z,.¢, ' (2)—>z,for all z€
D;

(2) if g is a hyperbolic, then its has distinct
fixed point z, and z; in 9D such that ¢, (z)—z, for
all z € D\z, and @, ()>z forallz € D\z,.

Theorem 3. 2

morphism or hyperbolic automorphism, If

If @ > 0,¢ is parabolic auto-

sup [ | ule () | <C,
€D 75

then uC, is hypercyclic.

Proof According to Lemma 3. 1, there are
20,21 € JdD (possibly with 2, = 2, ) such that
@, (2)—>z, for all = € D\z, and ¢, ' (2)—>z, for all
2z € D\z,. By Lemma 2.4, A.CO and A:1 are dense
in H,.

Since klir}}f'(¢k(z)) =0 for f€A, andz € K
C D, here K is any compact subsets of D, for any

e >0, there exists a positive number N, such that

| flp, (2)) | < £ where C = sup | f(2) .
k 2C €D

Since lim(1 —»*)¢ = 0, we can choose r such that

r—>1

— 2V €
(1 r)M<2C.

Choose n, =N. For any f€A, , we have

n,—1

I uC )" f e = | ][ Culei ) o ) Il =
=1
Hk*l

sup(1 —| = | | ] Culp, () flp, ) | <
€D =1 )

C ‘swu/p’(l —| = |®) | f(gp,,k(z)) | +

_ 2va . ‘ e e
fl‘lp(l L=z |9 ] flg,, (2)) | 5 +2C'

Define a sequence of linear maps S, ., ;A:1 —H_, by

ny,

L 1 »
S H TS AT

for every = € D. Then, for every f €A, , it fol-
lows that

IS, f I =0,uC)"S, f=F.
Thus uC, satisfy the hypercyclicity criterion, so
that «C, is hypercyclic.
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