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Abstract: Using Young’s functions, we define the Bloch-Orlicz space and show that the Bloch-Orlicz

space is isometrically equal to a special certain x -Bloch space. By the analysis methods and constructing

test functions, we investigate the boundedness, compactness and boundedness from below of the compo-

sition operator C, on Bloch-Orlicz type spaces of the unit ball. And we also obtain the sufficient and nec-

essary conditions of boundedness,compactness and boundedness from below of the composition operator
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1 Introduction

Let B" be the unit ball in the complex vector
space C" and H(B") the space of all analytic func-
tions on B". The Bloch space!"* B consists of all
functions f€ H(B") for which

I £ llg:=sup(l—|2|")|Rf(2)| <eo,

z€B"
where Rf is the radial derivative of f given by

dz;

Rf() = D 2Ly,
i=1

B becomes a Banach space when it is equipp-ed
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with the norm!"!

Lfle=1rC) [+ 1 £l s
For ¢ > 0, the ¢ -Bloch space, denoted as B*, con-
sists of all analytic functions f on B" such that

H f H a :Sup(l - ‘le)a ‘Rf(z) ‘ < oo,

=€ B"
a ~Bloch spaces have been introduced and studied by
numerous authors. For general theory of «-Bloch

19200 many authors have studied different

functions
classes of Bloch-type spaces, where the typical weight
function w(z) = 1 —| = | is replaced by a bounded

continuous positive function x defined on B". More
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precisely, a function f € H(B") is called a x-Bloch
function, denoted as f € B", if
| £l =supu () [Rf(2)| <o,

-€p"
Clearly, if 4(2) =w (2)* with « >0, B* is just the
a ~Bloch space. It is readily seen that B* is a Ba-
nach space with the norm
I fllp =]+ 1FI,

Recently, the Bloch-Orlicz type space on the
unit disk was introduced by Fernandez in Ref. [9]
using Young’s functions. Let

:[0, + o) > [0, + =)
be a strictly increasing convex function such that

¢(0) = 0 and lim ¢(z) =+ o=. The Bloch-Orlicz
o

space associated with the function ¢, denoted by
B?, is the class of all functions f € H (B")
such that

sup(1 = [2[)gQIRf(2)|) <eo

€ B"

for some A > 0 depending on f. The Minkowski’s

functional
11 =infe=0,8,8%0) <1

defines aseminorm for BY, which, in this case, is

known as Luxemburg’s seminorm, where

Sy (f) s =sup(1— =) gC| £ ).

e B"
Moreover, B is a Banach space with the norm
e =1+ 151,

Let ¢ be an analytic self-map of B", the com-
position operator C, is the operator defined on
some subspaces of H(B") by

C,(H():=(fegp) () =f(g(2)).

The study of composition operators thanks to Lit-
tlewood”’ s subordination principlet!, and the
function ¢ is called the symbol of C,. On compo-
sition operators between various spaces of analytic
functions on different domain have been studied

[1-3.5-11,13-16]

by numerous authors and the other ref-

erences. This paper is devoted to characterizing
the boundedness, compactness and boundedness
from below of composition operators on Bloch-Or-

licz type space of the unit ball.

2 Auxiliary results

The following Propositions 2. 1 and 2. 2 are

similar to Ref. [9].
Proposition 2. 1 For everyf € B*\{0}, we have

Rf =
So 7T, =t

Moreover, for any f"EB4’ and x € B", we have

IRfC) | =g (=7 ‘ D 1S

Proof For f€ B\ {0},

B?, there is a decreasing sequence {1,} CR" with

by the definition of

s¢<¥>g1 for all & € N, such that A, || f ||, as
k

k— co. Since the function ¢ is increasing, thus we
have
Rf Rf
TG ES O
Note that the sequence {S,} is increasing and
bounded, then there is S* € R such that

limS, =5’.
b—>oco

):S

In fact, we have
S =sup{S,} <1
LEN
and S” < S. Furthermore, for all x €B" and * € N

1—\2\2>¢<|&;i)‘>gs’.
k

Taking limit as # — oo, therefore, we have

(1| = \2)¢(|Iﬁff(ﬁ) IRfC) |y g

for all = € B", which means that S=S" =1im S,
poo
<1.

Moreover, by the proof above, for any f €
BY and z € B",

we have

IRf(2)]|

_ 2
A== 7,

) =<1.

Then

IRf(2)| - 1
YT ST

Since the function ¢ is strictly increasing convex,

thus we have

IRfC) | =g Gz ‘ D 1S

Proposition 2.2 The Bloch-Orlicz space is i-
sometrically equal to p -Bloch space, where

1

_ 1
¢ (17‘ > ‘z)

n(z) =

with z € B",

Proof By Proposition 2. 1, for any f € BY
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and 2 € B" we have u(2) |[Rf(2) | =< || f Il 4, which lowing equality

implies that BY CB* and
Al =110y
Conversely, if f€ B*, then we have
n(DIRfDI= 111,
for all x € B" which implies that

Rf <
ST =1

Thus, f€BY and
I Aly=1r1I.,
The followmg result will be very useful in
the next section.
Lemma 2.3 Let a € B" fixed. There exists a

analytic function f, € H(B") such that

_ 1—Jal?
$L DD = T
for z € B".
Proof For z€B", we set
_ o, 1—]al?
u(z) = ¢ (| I ‘2).

Then u is a real and continuously differentiable
function, in the sense that its partial derivatives
exit and are continuous throughout B". Further-

more, for all ¥ € B" the function u satisfies

w@ =gt (LA~ a ) >0,

Now we let f, (2) =u(z)e™, where vis a
real function defined on B*. Then , in order to
get f, be an analytic function on B", real part
U(z) = u(z)cos(v(z)) and imaginary part V(2)
= u(2x)sin(v(2)) of f, must satisfy the Cauchy-
Riemann equations. We get the relations

uv, = —u, and uv, =u.,.

And we can choose a real function v € C' (B")
such that f, is an analytic function on B" satisfy-
ing

1—]al’
[1—<z,a)|*
For any a € B", the following

ol f (D) =

Lemma 2. 4

function is in BY
1

g = | fad

0 A

with 2 € B" and f, is the function in Lemma 2. 3
Moreover, | g, I, =1 for all a € B".

Proof The result is obvious since the fol-

) 1—|al®
Rr P 1* < ) =
Sy (Rg.) - ?6115( | z| )‘17<Z’a>‘z
sup(1l—le. ()% =1,
z€B"
where ¢, (2) = a—P.(2) ~5.Q.(z) is the auto-
17<27a>

morphism of the unit ball"®”.

The following Lemma characterizes the com-
pactness in terms of sequential convergence by the
standard arguments->-

Lemma 2.5 The composition operator C, is
compact on B? if and only if given a bounded se-
quence { f,} € B? such that f,—0 uniformly on
any compact subset of B", then [ C,(f,) | 4—0

as k — oo,

3 Boundedness, compactness and

boundedness from below of com-

position operators

In this section, we study bounedness, com-
pactness and boundedness from below of composi-
tion operators on Bloch-Orlicz spaces.

Theorem 3.1 The composition operator C,

is bounded on BY if and only if
82 poey| < e,

iulgﬂ(@(z))

Proof Suppose that

L = R 1
seubp/j(gp( )>| o (2) | (D

Then for any f € B?\{0}, we have the following
estimate by the Propositions 2.1 and 2. 2.

R(C.f) )
SCTT/T,

s ARF(p(2)) | Rp(2) |
sup(1— [ 219 ¢ | -
s =9 AN

sup(l—‘z‘z)sb(\Rf(gp(z))|;¢(g0(z)))g

sup () T f 1,

I f 1o (e(2)) )
ICICIDIMEHIN I M

sup(l*\z\z)gb(

sup(l* | z|* )5[;(7) =1.

From here, we can conclude that

IC.f =L fly
and thus the composition operator C, is bounded
on BY.

Conversely, suppose C, is bounded on B*,
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then there exists a constant L such that [ C,f |
<L | f1Ily. Thus, by Lemmas 2. 3 and 2. 4, for
any a € B", there is a function g, € BY such that
lg. Il 4=1 and

1—]al®
[1—<(z,a)|*"

Hence, for any a € B", we have
y

J(|Rg. () |) =

17‘2‘2)¢(\R¢(z) [ Ifg(,(go(z))\)<1.

That is
N |Rp(2) | 1—|al® )<

L= =) =
Particularly, fora = ¢(2), we have

1 —| - 2 ‘RSD(Z)‘fl 1 , < 1.

A~ = [Pg( T (1_‘90(2) ‘2))f
Therefore

Jv‘; <

e ())\Rgo(z)| L.

From which the (1) holds.
Theorem 3.2 The composition operator C,

is compact on B? if and only if ¢ € BY and

(2)
lim —&22 | Rp(2) | =0 (2)
o oGy
Proof Suppose that ¢ € B and (2) holds.

Let { f.} CBY be a bounded sequence such that £,
— 0 uniformly on any compact subset of B".
Then, by Lemma 2.5, it is suffices to show that
I C,(fi) I y—0 as k—co. To this end, we set K
—sup I f» I 4. Then, for e >0 we can find anr €

(0,1) such that

for any zGB satisfying r <] ¢(2) | < 1. Then
1() | R(frep) ()] =

D) R o) [ (o) R (g()) | =

2 (p(2))

whenever r <<| ¢(2) [ < 1.

On the other hand, since ¢ € B, { f,} ©BY
converges to 0 uniformly on any compact subset
of B, f, (¢(0))—0 and ‘il‘JE,u(w) IR f, (w)|—0 as
k — <o, we can find a constant C > 0 depending

only onr and ¢, such that

JV‘; <C
s AEES IR <C g L

Therefore, for the givene >0, thereis an N € N
such that whenever £ = N, we have
;;pr/j(z) IR(frop)(2) ] =
sup rmu@(z) | 1(p()) |Rfu(gp(2)) | <
Cell gl y.
Thus, we conclude thatwhenever & = N
I feCp() 1y =1 fi(pC0)) | +
supu (2) |R(C¢°fk)(z) | <
z€B"

(I+Clelye,
which means that C, is a compact operator on BY.
Conversely, suppose that C, is a compact op-
erator on BY but (2) doesn’t hold. Then there ex-
ists an ¢, >0, such that for any » € (0,1)

SN >
hp()“ 7/1(90(Z))|R90(Z)‘ cor

Then, given a sequence of real number {r,} C(0,
1) such that r,—>1 as 2—> oo, we can find a se-

quence {z;} CB" such that |¢(z,) | >r, and

WGy | Retzo =5
where w, = ¢ (z;). By taking a subsequence, if

necessary, we may suppose that w,—>w, € JB".

Now, for # € Nand 2 € B*, we set
g, (2) :qul(z‘z) Q

is the function found in Lemma 2. 3

where f,,
with a =w,. We can see that {g,} is a bounded
sequence in BY. Furthermore, we can see that
{gv} is a sequence converging to 0 uniformly on

compact subsets of B, and satisfying

H CJ,(gk) H ,112

1(z) [Rg, (wy) | Rgp(zk” =
(

:j(zk ‘Rgp(zk)‘z 0 >0,

where we have used the fact that |Rg, (w,) | =

1
,u(wk)

. Therefore, C, is not a compact operator

on BY, which is a contradiction.

Now we present a sufficient and necessary
condition for a composition operator on B? to be
bounded from below (and therefore with closed
range). The purpose here is to generalize the re-

sults from Refs. [1,9,19] for the Bloch-Orlicz
space. To this end, fore > 0, let us denote
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Definition 3. 3 A subset G of the unit ball B”
is said to be a sampling set for B? if there exists a
positive constant L. > 0 such that

‘229’”‘(2) IRfF(H =L IIFI,
for any f€ B,

In the following theorem we characterize-
boundedness from below of composition operators
on BY of the ball in terms of sampling sets. The
proof of the theorems follows the lines of the
proofs of the corresponding results in Ref. [1].

Theorem 3.4 Let C, be a bounded composi-
tion operator on BY. C, is bounded from below on
B? if and only if there exits e > 0 such that G. =
e(Q.) is a sampling set for B,

Proof
that G,
case, we can find a constant L > 0 such that

l7F1I,<L suplu(go(z)) IRf(p(2))]

Suppose that there exists ¢ > 0 such

=¢(Q.) is a sampling set for B?. In this

for all functions fEBw. Thus, we have that
lF,<L :ug),u(ga(z)) IRf(p(z))| =

r(p(2)) i <
L?eua/z(zﬂRgo( )‘/,z(z)|R(f go)(z)|f

? | fog .

This implies that the operator C, is bounded from
below on BY.

Conversely, suppose that C, is bounded from
below on BY. Then there exists a constant K >0,
such that for allf € BY with || /Il ,=1,

I1C,(H I .=
supp (2) |[Rf(p(2)) | Re(2) | =K.

€ B"
Hence, we can find z, € B” such that

1(z) |Rf(p(z)) [ Rp(z)) | 2%»
which, in turn, implies that
Lf)))‘Rgo(zf) IRfCp(z)) [ pu(plz,)) =

plo(z,

K
> 3

Since |Rf(¢(z)) | p(p(z,)) =1, it must be

(e | Rez0 =73

—. we have 2, € Q..

2
Now, since C, is bounded, by Theorem 3.1,

Therefore, puttinge =

there is a constant M, >0, depending only on p

and ¢, such that
/j(Z/) -~
plo(z/)) [RpCz) [ =M,
From (3) we conclude that
K
|Rf(go(zf)) \,u(go(zf)) ZZM
Finally. since ¢(z,) €G,, it must be

sup,a(z) IRf(2)]| *Zl\Ifl

Therefore G, is a sampling set for B?.
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