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New explicit solutions for space-time fractional mBBM equation

KANG Li, SUN Yu-Huai, LIAO Hong-Mei, XIONG Shu-Xue
(College of Mathematics and Software Science, Sichuan Normal University, Chengdu 610066, China)

Abstract; In order to construct new explicit solutions of the space-time fractional mBBM equation, the

fractional complex transformation is applied to turn the fractional partial differential equation into an or-
4

dinary differential equation (ODE). Then the extended (Gf,)* expansion method is used to solve the

ODE. The new exact solutions contain trigonometric function solutions, hyperbolic function solutions.,

and rational function solutions with negative power exponent.
G’ . . . . - .
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modified Riemann-Liouville derivative® , which is

1 Introduction defined as

In this paper. we consider the following Jr(ll ) de (x— O (f(&) —
space-time fractional mBBM equation™ " ; D f(x) = a
‘ f(0))de, 0<<a<1,
Diu +D%u —yu’Diu +Diu =0,
(N n<a<ntl,n>=1
0<a<1,t>0 (@)

(2

where u is the function of (x,¢),v is a non-zero ) . e .
Some important properties of the modified Rie-

positive constant, ¢ is a parameter describing the . L
mann-Liouville derivative are;:

f the fractional ivative, D¢ is a fractional
order o e fractional derivative, D! is a {ractiona Il +y)

a }/: }/7H
D =ra o 3

differential operator in the sense of Jumarie s
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Di(f(x)glax)) =g(o) D f(x) +

f(o)Dig(x) 4)
D flg()]=f.lg(x)]IDg (x) =
D‘;f[g(x)](g/(x))“ (5)

The space-time fractional mBBM equation is
used to model surface long waves in nonlinear dis-
persive media, the hydromagnetic waves in cold
plasma and acoustic gravity waves in compressible
fluids. The equation is an important mathematical
model attracted the attention of many research-
ers!'™. For instance, Ref. [ 2] used ansatz method
to solve (1) and obtained bright and dark soliton
¢ ) i) -ex-
G G

pansion methods and obtained some exact solu-

solutions, Ref. [ 3] applied (%) and (

tions.

There are many reliable methods to construct
the exact solutions,such as the fractional first in-
tegral method™™®, the exp-function method™"!,
and the dynamical system method! '*!. Lately,
Yin'' based on the auxiliary equation G'G = oG’?
Jr‘éGG/ + yG*, introduced a new method, called

G’ : 5] .
extended (= )- expansion method™’, which can

G

seek more general explicit solutions. In this pa-
4

per, we will apply extended (%)* expansion
T

method in the sense of the modified Riemann-Li-

ouville derivative to seek explicit solutions of

(.

B 4 Q

/

2 The extended (g)-expansion method

Considering the following fractional partial
differential equation:

P(u,Diu,Dlu,DiD¢u  D:D%u ,D’D%u ,

<) =0,0<q,0<1 (6)

where u is an unknown function, D{u and D%u are
Jumarie’s modified Riemann-Liouville derivatives
of uCx,t),Pis a polynomial in u(x,t) and its vari-
ous partial derivatives including fractional deriva-
tives in which the higher order derivatives and
nonlinear terms are involved.

Step 1. By using the fractional complex trans-
formation*!

k! ct”

L(1+o T+t

where £ and ¢ are non-zero arbitrary constants, (6)

u(I,l‘):u(E),EZ (7)

reduces to an ordinary differential equation of
the form
PCusu' si"u” ) =0 (8)
Step 2. Assume that the solution of (8) has

the following form

m

(&) = Ea(?>+2!7<?> 9

i=0
where a; (i =0,1,2,3*m),b;(i=1,2,3++m) are
constants and G(&) satisfies the following auxilia-
ry equation

G'G = BGG' + CG* + EG* a0
with B,C,E are real parameters. Solving (10),

we obtain

Ja C,sinh \/TESJngcosh @S

21-C) 2(1—-0O)

Q=B*+4E—4CE>0,C+#1,

C,cosh @EﬁLCZ sinh @S

i 0 1D
2

G ® _ Vo)
G(S) B N \/T\Q, 7C151n TS+C2COS
2(1-C) 2(1—-0) - —
Creos Yo ei,sin YO

1 ( C,
1-C\C,e+C,

where C, ,C, are arbitrary constants.

Step 3. Considering the homogeneous balance

Q=B +4E—4CE<0,C#1,

’

2 E

+§>,Q=Bz+4E—4CE=O,C¢1

between the highest order derivatives and the

nonlinear terms appearing in (8), we can get the
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positive integer m. (B —u — ikubﬁ LR =0 (12)
3

Step 4. Substituting (9) and (10) into (8),
we collect all the terms with the same order of
(%) together. Equating each coefficient of the ob-
tained polynomials to zero yields a set of algebraic
equations for k,c,a;,(i=0,1,2,3m),b;(i=1,2,
3+« m). Solving the algebraic equations, we get

more general type and new exact solutions of (6).

3 Applications

Applying the fractional complex transforma-
tion to (1),after integrating and letting the inte-

gral constant be zero, we obtain

1

@
=
-

3

N}

o

)

|
w

1

Q0[R2 DA QR DR FQ QR

~—_—— — — ~—  ~— ~

3

Solving these algebraic equations,we have

Blk| (C—=1) [6
=428 A 2
T TC 1N v

a == |klC—1]/2, (15
v

— & — Lp (B 4 UE — 4CE)

2
k

E 6
2 |E]| v’
by =+ |k | E| /Q, (16)
v

1
‘ 2
Family 1. If Q =B’ +4E —4CE>0,C#1, we

have the hyperbolic function traveling wave solutions

bl - O,C

B

a, ==

a, = 0,c =k — =k (B* +4E — 4CE)

By applying the homogeneous balance between
the highest order derivative term «”(&) and non-

linear term «’ (&) in (12),we have

G/ G/ —1

W@ =a (&)t to(s) (13)

Calculating «* (&) ,4”(&) and then substituting

w’ (&) ,d" (&) and u(g) into (12),collecting each co-
.. o (GIN

efficient of polynomials in (a) (1=-—3,,0,

3) to zero yields a set of simultaneous algebraic e-

quation for b, sa,.a, -k and c:

——kvai +2(C—1)*k%a; =0,
. —kvayal +3B(C—1)k*a, =0,
(k—)a, —kv(dib, tata,) +R[B* +2E(C—1]a, =0,
(k=c)a, — L hval —2kvasa, by +k BEa, +1 B(C—1b, =0, (14)
l :(k—o)b, —kv(bia, +alb,) +E[B* +2E(C—1) ]b, =0,
: —kva,b} +3BEkE b, =0,

——kvb} T2E*k*b, =0

k|v/Q |Cc—1] [6
+ a oA H (17

2
uz({:):i%i éi\kHE\ E.
2 [EIN v v

B NG }
18
[2(1—@‘) Tsa—olh (18
where
C,sinh @E+Cz cosh @S
H, - 2 2

C,cosh @EﬂLCZ sinh @E

Q=B*+4E —4CE,C,,C, are arbitrary constants.
On the other hand,assuming C, = 0,C, # 0
and C > 1, the solution of (17) can be written as
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uh<s>:::plfigigi /{%tanhxygié (19)

Family 2. If Q = B* +4E —4CE <0,C # 1,

we have the trigonometric function traveling wave

solutions
_ ] ‘
-+ /
Bk /
6 B Ve }”
kI E 7[ 21
[k I E] v (1*‘)+2(1 C)HZ b
where
—C,sin 7Q$+Czcos 70{-‘
H, — 2 2 ,
C,cos \/;70$+Cgsin ;QE
Q=B*+4E —4CE,C,,C, are arbitrary constants.
On the other hand,assuming C, = 0,C, # 0

and C > 1, the solution of (20) can be written as
u5@>—+‘k‘vfﬂ‘/ s )

Family 3.1f Q = B* +4F —4CE =0,C # 1,

we have the rational function traveling wave solu-

tions
[C—1]
“® =TT e 40O (23)
B|k| E 6
\ =4 = ]2y
o[BG By
O\ leeie *7)
(24)
4 Conclusions
In this paper, the space-time fractional

mBBM equation is converted to an ordinary differ-

ential equation by the fractional complex transfor-
4

mation. Then the extended (%) - expansion meth-

od is applied to introduce a new auxiliary equation

(10) and add negative power exponent to the ex-

G/
G

known results

pansion of . Comparing our results with the

BST ) 0, (8) suy (8) sug (&) are new re-

sults. More over, the used technique is effective

and productive.
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