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Existence and uniqueness of positive solutions for a class of
fractional limpulsive differential equations with boundary value problems
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Abstract: By using the fixed point theorem for mixed monotone operator, a new criterion for the exist-
ence and uniqueness of positive solution of the boundary alue problems of a class of fractional impulsive
differential equations
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. papers, the results demand that the nonlinear
1 Introduction . .
term and the impulse functions are bounded or

Recently, boundary value problems (BVPs satisfy Lipschitz conditions, For example, Zhao

for short) of fractional differential equations have et al. "™ studied the positive solutions for the fol-

[1-10]

been investigated extensively'' ', In most of the lowing problem:
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Dy ul) =fau()) st €] =I\{t) sty s+t 0, ] =[0,1],
Au(fk) :Ik(u(tk))sﬁu/ﬁ‘k) :]k(u(tk))yk:1929°"7n19

au(0) —bu(1) =0,au’ (0) —bd' (1) =0,

where 1<<¢<<2, CDj+ is the Caputo fractional de-
rivative. The results demand that the nonlinear
term and the impulse functions satisfy Lipschitz
conditions. Clearly, these conditions are very

strong.

Inspired by the above literatures, by using
fixed point theorem for mixed monotone opera-
tor, we studied the existence and uniqueness of

positive solution for the following problem:

Dot u(t) = fyu(t) su()) st €] =J\{ty sty s+ s, )+ ] =[0,1],
AuCty) =L () su(t)) s A (1) =T, u(ty) su(ty)) sk =1,2,+++,m, (D

au(0) —bu(1) =0,au’ (0) —bu' (1) =0

\
where D+ is the Caputo fractional derivative , 1
<q<<2, f:J] XRTXR"—>R" is jointly continu-
ous, I;» J, € C(RT" X R",R"). The impulsive
points set {t, 7=, satisfies 0 =z, <<t <<--» <t, <
twr =1 Aut) =ulty ) —u(ty ) with u (i) =
limult, +h)s u(ty ) =limult, +h),b=1,2,+--,

h—>0" h—>0"

m. Our work presents some new features and im-
proves the results of Refs. [1~8] (see Remark
2).

2 Preliminaries

Let (E, | * |I) be a real Banach space which
is partially ordered by a cone PCE, i.e. , x <<y if
and only if y —x € P. By 0 we denote the zero ele-
ment of E. Recall that a non-empty closed convex
set PCE is a cone if it satisfies (i) x € P,r=0=>
ra€P; (i) x€P, —x€P=x=§. In our consid-
eration, we shall consider the Banach space E =

{u(t) . u(t) €C(J)} with the norm || ¢ | defined

by llull =supe;|u(t)|. PC(J)={u€E|u.J—
R, u€CUulty ) ulty ) exist with u(z; ) =u
(), 1<k<m}. P={ucPC(J):u(t) =0,1€]}.
Obviously, PC(J) CE is a Banach space with the
norm |l u || =supe; |u(t) |, PCPC(J) is a nor-
mal cone. For w>0, the set {u € P:u~w} is de-
noted by P, , where ~ is an equivalence relation,
see Ref. [ 15 ] for details.

Definition 2. 1'%
of order ¢>>0 for a function f:[0, +o)—>R is de-

The fractional integral

fined as

q I U (P
I 0 = 1 JO (1 — 7 f()dsat > 0.

where I'( ) is the gamma function.
Definition 2. 2

Caputo fractional derivative)-!!-!%

(Generalization of classical
The Caputo
fractional derivative of order ¢ >0 for a function
f:[0, +0)—>R is defined as

‘Do f(1) = T

0 (t — )t

|
Definition 2. 31! A, P X P—P is said to

be a mixed monotone operator if A(x,y) is in-

(n—q) dr"

creasing in x and decreasing in y. Element x € P
is called a fixed point of A if A(x,x) =x.

Lemma 2.4 Let P be a normal cone in a

N el i k)
L J f(s) Zkfok!f )

ds,t >0,n—1 <qg<n.

real Banach space E, A: P X P—>P is a mixed
monotone operator and satisfies

(A1) There exists w € P with w8 such that
Alw,w) €P,;

(A2) For any u,v€ P and t € (0,1), there
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exists ¢(2) € (2, 1] such that ACtu,t ') =Zp(DA we have x,—>x" , y,—~>x" as n—>oo.

(uyv).

3 Main results
Then the operator equation A(x,x) =x has

unique positive solution x* in P,. Moreover, for From Lemma 2.5 and Lemma 2. 6 in Ref.
any initial values .y, € P, constructing suc- [1], we can easily obtain the following lemmas.
cessively the sequences Lemma 3.1 Given h(¢) €C(J,R"),1<<¢g<<
T, =AZ 1 s Vu1) s Vn =AYy s Tu1 ) » 2, the unique solution of
n=1,2,%,

J(‘DZ} u() =h) st €] =]\{t1st25++52,,} ] =[0,1],

AuCty) =1 Cuty) su(t)) s A (1) =T e sulty) k=12, ,m, (2
lau(O) —bu(1) =0,au’(0) —bu' (1) =0,a>b>>0

is formulated by

.1 m m
u(t) = J Gt )h(s)ds + DGy ot Tt su(t)) + DGy (et L (ut) sule)) ot € T
( i=1 i=1

where
—97" b=  [(ab—b)t+b* ] —5)7 2
+ NIESESE N
- J Mg @b @-bTq-1 OS]
1\LyS) — .
b (1= [(ab—b*)t+b](1—5)7 2
; ’ < << ’
@@ @birg-D OS]
ab a(t—t;) .
. <, <l,i=1,2,:,m,
1 (a*/))2+ Ca—b) 0t <t<1,1=1,2 m
62(19[1‘): / b( )
ab Ot —t; .
: < << ol = Loyttt e,
(a*b)ZJr(a*/)) O0<r<r;<1,i=1,2 m
%b,ogt,-<z<1,i:1,2,---,m,
GS(tvti): /
—jb,ogz<¢,<1,i:1,2,---,m.

|
Remark 1 When I, (u(t,),u(z,)) =0 and J,

(u(ty)sult,))=0,k=1,2,,m, given h(t) €C
(J,R7),1<<g<<2, the uniqge solution of the prob-
lem (2) is formulated by

(D) :J.iGl(t,s)h(s)ds,t €.

where

=7 b=  [(ab—b)t+H (A —5)7 2

<~<< ’
G| D@ @OT@ (a—b’Tq—1D 0=s=i=l
1(L,8) = ; ; ;
b(1—s)"  [(ab—b)t+b (1 —5)7?
‘ LO<r<s<<l.
habmq)+ (a—b)T(g—1) Ostss=l
|
Lemma 3.2 Let ¢« >6>0. then Green func- b <G3(t . )< ., Vi €J.
tions Gy (t,5) .Gy (t,t;) and G;(¢,¢;) satisfy:
(D) G (14,6, (1,26, (141,) €C(J X J,RY) Theorem 3.3 Assume that
and G, (t,s) , Gz(t ;) Gy (t,2,) >0, Vt Lias€0,1); (Bl) a>b6>0, f(t,u,v) is increasing in u €

[0, +o) for fixed € (0,1),v€E[0, +0), and de-
(ii) l)Z <Gt < creasing in v € [0, +o) for fixed t € (0,1),u €

a [)Z,Vtzéj,

(a
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I:O’ +OO). f(f,Cl ,Cz)>o Wlth C1 :min,ao,uw(t) .
"1

e =max,cq.w(®) s wherew(®) = [ G (6,9)ds >
0

0.0 € [0,1];

(B2) For all y€(0,1),:€0,1),us,v€[0, +
), there exists ¢ (y) € (¥,1) such that f(z,yu,
Y o) Z=o (D fusv);

(B3) LiCusv) s Jp (usv) (k=1,2,++-,m) are
increasing in u €[ 0, +o) for fixed v €[ 0, +0),
decreasing in v€[ 0, +w) for fixed u €[ 0, +o0);

(B4) For all y€(0,1),:€(0,1),u,ve[0, +
), there exist ¢, (¥),¢;(y) € (y,1) such that I,
usy ') =@ (D i (us0) s Ji (rus y o) =5 (1)
JiCusv).

Then Problem (1) has unique positive solution
u” in P,. Moreover, for any initial values u,,v,

€ P, , constructing successively the sequences

*1
w, (1) — JOGlu,s)f(s,u,H () s0, 1 (s))ds +
DG Gt Tt (1) v0,1 (1) +
=1

DGt LGy (1) 50, (1))
i=1

1
v,(t) = JOGI (£y5) f(sav,1(8) sty (s))ds +

DG tat )T () st (8)) +
i=1

m

DG () Lo,y () sy (2 sn = 1,2,
i=1

we have u,(1)—=>u” (t),v,()—>u* (1) as n—>o0,
Proof From Lemma 3. 1, Problem (1) has

an integral formulation given by

u(t) = J:)Gl (tss) fCsouls)uls))ds +

m

D16 () T Cule) sut)) +
i=1

DVGs ot I ult) sule)) ot € .
=1

Define operator A: P X P — E by

1
Alw,w) (1) = JOGl (t,s) f(ssw(s),wls))ds +

m m

1
A, 0) (1) = J()G1(t,s)f(s,u(s),‘v(s))ds v

m

DG (ot T (e vo(1) +
i=1

DG () () vo(2)) ot € .
i=1

From Lemma 3. 2, we know that A; P XP—P,
Firstly, we prove that A is a mixed mono-
tone operator. For u;,v;(i=1,2) €P,u; <u,,v;
=wv,, from (B1),(B3) we obtain
Aluy ) (1) =

1
JOGl (1a9) FCsattr (8D sy () ds +

DG (1t )]y (1) 01 (1)) +
i=1

m

DGt Iy (1) s01 (1)) <
i=1

1
JOGl (1a5) FCsattr (5) 20y () ds +

m

VGt T i Cun (1) 0y (1)) +
i=1

ZG3(t7f,')L(u2(t;)9"02(t,'>) =
=

Aluz yv0) ().
That is to say, ACu;,v;) <A(u;,v;). Now we
show that A satisfies (Al). Let
1 =minero,1]f(Esc1s02)
ro =max,ero,] f(tscasci).
From (B1), (B3) and LLemma 3. 2, we get
Alw,w) (1) =

| 611w s ro()ds +
ng(t,ti)];(w(ti),w(t,-)) +
ﬁ;Gau,mL(w(t,-),wof,-)) >
J:Gl(t,s)f(g,cl v ds =

1
e J G (tys)ds = riw(t)
0

and

DVG (ot T () sw(t)) + DGy (13t I (o) vw(t)) <
i=1 i=1
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m

J;Gﬂt’«s‘)f(s,cz,cl)dw (E e

i=1

m

l(Z: (a ajb)‘

C1 i—1

"1
Y J()Gl(t,s)ds +

m

[7"2 “V’%(z ( b)z.] ((27(1)+2

i—1
That is to say,

m

i=1
From (B1), we have r; = énin f(tsciscy) >0 and

m

) +l(2 (a

C1 i=1

)2] (C7 961) -+ 2

|
So we prove that A(w,w) € P,,.

Next we show that A satisfies (A2). For any
u,v€P and y€ (0,1), let

))J<<?,<1>+2

m

0 <Lm>)<

Zji(CZ so1) + ; QL_/)I;(CZ 7C1)>w(t) =

i) Jwo.
ZJi(CZ aC]) + ; (,ZL_/]III(CZ 7(‘1))]%’([,).

1 a’
nu®) <Aww® <[r+ (2 gl

I (Lgacl)>>7’1 >O.

oY) =min{e1 (192 (P95 (¥) ).

Then ¢(y) € (y,1). From (B2) and (B4), we

know that

m

A,y o) (D —j Gy (145) fCsayu(s) sy v(s))derZG;(t DT )y o)) +

Z(;au DL 7o) = @) | G fGauts) ol ds +

<pz(}’)EGz(t,ti)J;(u(tl-),‘U(L‘,)) +g03(}/)EG:g(t,ti)l,-(u(t,-),'U(ti)) >

m

m

go(}')(J Gy (tss) f(ssuls) ,v(s))ds + ZG;(t ti) ] (u(ty) ,v(E;)) + ZGs(t t) i Cu(e) vt ))):

(PN AGu,0) ().

|
Thus AQyu,y 'v) Z¢(y) Alu,v) for u,v€ P and
y€ 0,1,

Finally, by using Lemma 2. 4, the result
holds.

From Theorem 3. 3 and Remark 1, we can
easily obtain the following corollary.

Corollary 3.4 Suppose that I (u(z;) u(2))
=0 and J,(u(t) s u(t)) =0,k=1,2,-,m. As-
sume that (B1) and (B2) hold. Then Problem
in P,. More-

over, for any initial values u,,v, € P,,,» construc-

(1) has unique positive solution u *

ting successively the sequences

"1
w0, (1) :JOGl(z‘,S)f(s,u,ﬂ(s),‘U,H(s))ds,

1
v, (1) = J()Gl(z‘,s)f(s,v,ﬂ (s) s, (s))ds,m
— 1,2,

we have w,(t)—=>u* (t),v,(D)—>u" (t) as n—>o0.
Remark 2
Refs. [1~8], our new results don’'t demand that

Comparing the main results in

the nonlinear term and the impulse functions are
bounded or satisfy Lipschitz conditions. Thus we
improve the corresponding results of predecessors

to some degree.

4 Illustrative example

Example 4.1 Consider the following BVPs:
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CDFu) = T + ) o € [0.1].2 #%,
T 1 (3

NS ING S
lm(2>—<u<2>> + () 5

20(0) —u(1) =0,24/(0) —/ (1) =0

> %,aZZ,b:l,

Fault) ,ult)) =(u())7 + ()7,

In this case, g=—5 .1, =

L Gty s u(e)) :<u<%>>% +<u<%>>*fi ,

,Au/(%) — (u(1)y” +(u(%))7€,

T1 ) suliy)) :(u(%))% +<u<%>>*f ,

1

By a simple computation we have

1 1] 1
RNt o1 St (=) 7 (1) 2
T a2 B
o F(?) F(?) F(?) P(?)
LyS) =
e 1 1] 1
(1—5)?% ?t(lfs) 2 ?(1*5) 2
:;) + 3 + 3 ’ 0 <t <S <1 ’
F(?) F(?) F(?)
|
W JIG (Lo)ds 1 ( 2 ti S 5 ) fractional differential equations with generalized pe-
w(t) = sas = —5 (512 o/
o F(é) 3 3 riodic boundary value conditions [ J]. Adv Differ
2 Equ-NY, 2014, 2014, 255.
¢1 = min w(t) = 5 [2] Ahmad B, Sivasundaram S. Existence results for
1 cero.yw(r) 3
31_‘(?) nonlinear impulsive hybrid boundary value problems
10 involving fractional differential equations [J]. Non-
¢ = maXerow(t) = 3 " linear Anal-Hybrid, 2009, 3. 251.
SF(?) [3] Ahmad B, Sivasundaram S. Existence of solutions

Then f(¢,¢1,c;) >0. From the expressions of f
yult) sult)) o I Culey) sulty)) 5 J1 Culey) sulsy)),
it is obvious that (B1) and (B3) hold.

Moreover, for any y € (0,1),2€ (0,1),u,v [4]
€[0, o), we get
Fayusy o) :7% us +y%v7% =
YE T o) =g () f(tusv) s 51
I Cyusy ') :7'711 ut +y%v7711 =
YTt o) =g (D L0
Tirusy o) =yTus Ayiu T =
)’%(u% +v %):@3(7)]}3(“7‘0). )
Thus (B2) and (B4) hold. By Theorem 3. 3, we
know that the BVPs (3) has an unique positive (7]
solution in P,
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