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A note on the Gaussian minimum conjecture

ZHONG Yang-Fan, MA Ting ., HU Ze-Chun
(School of Mathematics, Sichuan University, Chengdu 610064, China)

Abstract: Gaussian distribution, also called normal distribution, plays an important role in mathematics,
statistics, physics, engineering, etc. Inequalities on Gaussian distribution attract many attentions, in
which a famous example is the Gaussian minimum conjecture, which says that if n=2,and (X,,1<:<n)
is a centered Gaussian random vector, then the inequality E(min<.—, | X;|) =E (min,<., | Y; | ) holds,
where Y;,+,Y, are independent centered Gaussian random variables with E(X?) =E(Y?) for any i =1,
«-,n. In this note, we show that this conjecture holds if and only if 7 =2.

Keywords: Gaussian minimum conjecture; Gaussian random vector

| Introduction quality, Gordon et al"**. proved among other
things that
Let n==2 and (X;,1<<i<{n) be a centered

Gaussian random vector. The well-known Sidak’s
[1-2]

E(min——, | X: ) >%E(minlii<u lY: ) (@

Note that in Refs. [3] and [ 4], the authors
proved the inequality (2) without any condition
on the joint distribution of (X;,+++,X,). Further-

says that

E(max,<—, | X;| ) <E(max<i=, | Y:|) @)
where Y, ,*+,Y, are independent centered Gaussi-
an random variables with E(X?) =E(Y?) for any
i=1,+,n. Hereafter, EC * ) denotes the expec-

Inequality

more, Li and Shao™”® conjectured that when (X,

1<<i<<{n) is a centered Gaussian random vector,

1 . . . .
tation. 5 in the inequality (2) can be removed, i.e. ,

If we replace “max” by “min” in Siddk’s ine- E(mini<i—, | X;|) ZE(minj<ie,, | Y: D (3)
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which is called the Gaussian minimum conjecture. o 2J J J (e Ay A5 dldydz _

As to the minimum value point of E (min;—,—, |
X: ) with E(X®)=1,Yi=1,-
refer to Ref. [ 7, Conjecture 5. 1], which says that

971, for 77237 we

if n2=3 and p >0, then among all Gaussian ran-
X, with X; ~N(0,1) for all

i<n, the expectation E(min,, | X;|?) is minimal

dom vector (X,

if and only if all the off-diagonal elements of the
covariance matrix equal —1/(n—1).
Now we state the main result of this paper.

Theorem 1. 1

jecture holds if and only if n=2.

The Gaussian minimum con-

The rest of this paper is organized as fol-
lows. In Section 2 and Section 3, we give the ne-
cessity proof and the sufficiency proof of Theorem
1. 1, respectively. In the final section, we give

some remarks.

2 Necessity proof of Theorem 1. 1

In this part, we will show that if n==3, the
inequality (3) does not hold for some n-dimen-
sional centered Gaussian random vector (X, -,
X,) and independent centered Gaussian random
variables Y, ,+++,Y, with E(X?) =E{X?,Vi=1,
e,

(1) n=3. LetY,,Y,.,Y; be three independent
standard Gaussian random variables. Define X, =
Y, =YD N2, X, =Y, —Y) N2, X; =(Y; —Y))/
V2. Ref. [ 8 mentioned that van Handel checked
| X |P) <E
(minj<;3 | Y;[?) ~ 0. 19. This example also
shows that (3) does not hold for n =3, which
means that E(min<i—; | X; |) <E (minj<<; | Y; ] ).
In the following, we will give the exact values of
E(min—;3 | X;|) and E (minj<.=5 | Y; ] ).

At first, we calculate E(minj<<; |Y;|). The
density function p;(z,y.2) of (Y,,Y,.,Y;) can be

numerically that 0. 17 ~ E (min;<

<<

expressed by

1 e,»z"
(27"

By the symmetry, we have

E(mimzics | Y, \>:r j, J,

alAlylAl=D

2 (-Tsyaz) -

(2 )%Ze T

= dedyds —

J‘ vrefédx>dy>dz =

ol (e

(21’()3ZJ0 <J )Jdz =
12{“ J e y%dy dz —
JO <JZe 2hp dy)dz | )

Define a function

o

and a set
D={(y,2) €eR*;0<y<z).
Define a transformation
(ys2)="T(u,v) =(u/Va s0).
Denote by Dy the original image of D under T.

2,2
e T dy)dz, a >0

Then we have
DT:{(My'U) GRZ:T(M,'U) GD}
R?.0<u/Va <v).

Now, we have
2

Fla) :JDeAy?’idydz -
= dudo =

* 2
_u
J €
Dp

T

:{(MV'U) S

X — arctan € | e T rdr =
2 0

~ ®ll= ®l= 2l

_ 1y
(?‘K arctan a>_

— arctan Ja (&))
Ja

By (4) and (5), we get

E(mini—is | Y, \)*IZK(F(I)

—F(@2)) =

12ﬁ (arctanl *\/%arctanﬁ) —

3/2
T

%(@7%“&1&) (6)
ks 4

Next, we calculate E (minj<; | X;|). Note
that Xg -

— (X, +X,). and the covariance matrix

1
L=
of (Xi,X,) is>= 1 . It follows that
3 B 4/3 2/3
det> ==, ! :< .
etx Ty 2 2/3 4/3)
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Then the density function p, (x,y) of (X, X;) Lefiﬂiﬁ
can be expressed by V3x
1 3@ e By the symmetry, we have
po(xsy) =————e 2 =
27w /3/4
' 1 [~ [~
Ecmins | X, D=2 [ dalnlylaAle+yDe ™ dedy =
13 N - y y Yy =
oo oo NI 0 0 2P
LU | @ e >dxdy+j | o n e T dady +
J3 o Jo N
O ~ 1 \ N O 1 \ N
L‘fo () Ay Al x+y De ™ dady +J | an e al ey e dedy]

061003-3

«/gn:Jo JO(I A y)eﬁzu Ay dady Jrj(r)‘ JO (x ANy AN x—y| )eN—I%dxdy]
\/gi't:J; <J.:Ie 2<I2+SZ+" : )dy Jrj() (J} (x N (y —x))e b )dx>dy] =
AT (a0
T yE
T Gt | (e
kb
oo y (224 ‘,2,1., R 22 \ oy
JO (Jﬂye 2ty })d.l")dy_fo <J}’//ZI€ 221 >dx) ] fn[Gl +Gy, +Gs — Gy ] 7
|
where 1 J e’% . e,% dx] —
N G CR 2 Jo
G1 -—JO (Joxe 3 d1~)dy’ G1 3 o 2 . iy
G, :=Jw <Jy,/zxe 2(‘12+3'27’I')d1‘)dy’ Z +§<2J0 e 3 dy — 3J0 e dy).
0 o It follows that
N 262 - - )
G ._Jo <L/zye ' dx)dy, G, = ; <2JO ef%zdy — SJO e’ dy> (8)
Gy =JO (Jjﬁ/zxe S dl')dy We have
We have G, = JO <J;2 <x - %) S dx)dy +
w© (y 2P
G, = J‘OV (JO (x "‘%)e <I+J—L3t >d1.)dy - %J; (J:Z (y 7%) 7&%2&@(&)@} +
gl ([ rg)e e+ Lt
o o ZJ (J xe dx)dy =
1 (/Y 2?0t 0 0
ZJO (Joxe % dx)dy B G ;>;< \'/2< ) 7(1“1) *_L >
< e 2 (o) 243 = (e —2)e T da)dy +
(AJrJ J}1+l e*(ﬁa)‘ydx dy — 4+J° JO T Y
le o 0 E O< 12 >?(»>+§)2+‘3' ) ([, oz s s L
gl ) dy)ar = gl L) a)ar -
G [ (™" ue )y - o[ e ([ e du)ay +
] At LA o
3] et - 4[] et -
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<Jo e dx) €))

We have
([ o~ Ee =
J (= % )y
[ -
)
oy )2y
L3 )e T )y -
% +J06772 <J“;ue 2 du)dx +
L et oo
% +%U:’e 5 (ef% —e T )dr +
%J:je%?(l —e ‘T:)dy]:% +
%(JO e’é dy +J0 e’% dx —ZJO efz"'zdr>.
It follows that
G =% ety ] eFde 2| e de)
3 5 vt e 5 dx ) T
(10)
We have
6= [ )i
gl (L g)ear)ay o
L e -
G

It follows that

G, = 1 (2 J e)‘; dy — Ju eAgz dy — J e’ d )
* 2 0 y 0 y 0 y

By (7)~(11), we obtain
E(min—— | X; |) =
i J‘rm 2453 7J‘<‘Q Zyz 7\[‘“’) .V? _
«/§7r<2 e dy L€ dy e dy)
6 V2= 3 1 _

V3 x 2 4
32 —V3) (12)
V2T
Hence we get
E(mini—— |Y;|) —E(min—= | X;|) =
12 3(2—/3
(% arctanf) («/Tﬂ =
T
12
s (@n—arctanﬁ) >0,
fn
since tan(arctany/2)~1. 414, tan “o-~1. 434,

(i1) n=4. Without loss of generahty, we on-
ly consider the case that n =4. We use proof by
contradiction. Suppose that (3) holds for n =4.
LetY,,X,,:
example. Let Y, be a standard Gaussian random
variable independent of (Y;,Y,,Y3). Then, by
the assumption, for any a >0, we have

E((minj<;—; IX:D AlaY, )=
YD AlaYiD.

Letting a—>°, by the monotone convergence the-

=1,2,3 be the same as in the above

E ((minj«;<s

orem, we obtain that
E(mlnl\z(d‘x ) =E (mini—— | Y ).
It is a contradiction. Hence for any M >0, there

<<

exists ao >M such that
E((min1<l’(g |X | ) /\ ‘aQY_; | )<
E ((min,< ‘Y|)/\‘QOY1|)

<i<3

3 Sufficiency proof of Theorem 1.1

In this part, we will show that the inequality
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(3) holds if n=2. Write X;, =2, 1. X; =22 f»,
where both f, and f, have the standard normal
distribution N (0, 1). Without loss of generality,
we can assume that x; .2, >0. Further we can as-
sume that x; =1,x, =a €(0,1].

Denote by 3, the covariance matrix of (f;,

f2). By the symmetry of the distribution N (0,
1

1), we can assume that 3; = ( {(1)) , where 0<C
©

p<1. Then the covariance matrix 3, of (fi,af;)

1
a‘f) . It follows

can be expressed by 3, = (
ap a’

that if p€[0,1), then
o 1 a —ap)
= T ra p2><ap 1
and thus the density function of (fi,af3) is
P(.T9y):

2

1 ex ( adtat *Za,oxy)
2n az(l—pz) b 2a2(1f‘02)
At first, we assume that p€[0,1). By the sym-

metry, we have

E(‘f1‘/\‘af2‘):

o oo 1
(Jx ATy D .
JJX 27(«/612(1*[02)

2 2 2
IR 1

e 2lab dxdy = .

2mva* (1 —p")

J (x A e a2 drdy+

0

"0

J (2 A (—y))e 5 dady +
.

k—ﬁ%%l—l

((—2) A e i dxdy]

L[ [ ot
- az(l—pz)[o O(l /\y)e 2% (%) dxdy+

J‘” JK;(I A y)e - ;(,tl—t) drdy}
0 0
Define
1 :=f0 JO (x A yye S dedy.
Then

. . 1
E( A )=————-—[1(p) +I(—p) ].
LAl A afs] N az(lﬂoz)[ o P]
We have

R a2 PP oadry
1 :JO JO (x A ye o % dedy =

"0
o oa e dedy +

(Y Bt ey
J <J xe  la—H dI>dy +
0

0
foo “T 2.2, 2.,
A TR
J <J ye  zla—bH dy)dl”
0 0

Define
oy 2 : a4 ey
JCasBsy) ==J0 (Joxe 2 dx>dy,
where ¢ >0,5>0,e8—7”>0. Then we have
1) =J @ 1,a® +](1,a* a9,
thus
. ) 1
E(‘f1| A ‘af2|)*nm °
[J(a@ 1 ap) +](1,a" sap) +](a*s1, —ap) +
J.a*, —ap) ] (13
In the following, we come to calculate the func-
tion J(as8,7). We have

J(asBsy) = JO (J;Ie %%%dx)dy =

(s Za)erac

lJM (J‘jye %ﬂfﬁ%dx)dy =

a Jo
]1(&9697) _12(07‘897) (14)
where
Jl((l?ﬁ,)’) =
Jo (L T )i ar .
J2CasBsy) :le J ye wzjujpz; dx)dy
We have
]1 (a s,@a }/) -
oy «(rtly)2eal 2
Jo <Jo <I +aly>ei () dl‘)dy -
oo 0 2y.2 '(lff)y o2
JO eiz(azu—;zm <J1 uei.?az(lfpz)du)dy =
4‘07612(1 —o) J.”e z(uzui/)?fa .
a
P (eip?y?
(€ 220 e — € 222 ‘(lip da )dy =
a?d —p") JO (77 — Sy dy =
a
ad—4) L V2n|avl —  aJ1—¢
a 2 VB Vatp+2y
V2ma® (1p2)2<} 1 >
2a B Vatp+2y
(15)
.]z(a»ﬁ,)’) =
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bt ovey - - <
lj j <y+l ) m)+(:p> dl)dy B If p=1, then f> = f1 a. s.. Note that a € (0,1].
a 0 B Then we have
lj f““(ﬁlx LA dr)dy - ECIfi] Nafs ) =aEC fi]) =
a 0 P
y w4y’ 4oyry | e /,Zd =
%JO (Jore ‘2?7‘,2> dr)dy+ aj*"‘ x| «/ﬂe *
(XY 2ga 2 2a_ [~ *éd _ 2a
S‘(,\ ‘3.z> s J xe va .

J J y + ’}’ ) 2 (A=) dy)dx = m 0 Vo
a

¥ > gt In addition, if p=1, we have
T4 LySL +7J 2a” (1—p"

el R R 2(d+a) —v1+a” +2ap —/1+a’ —2ap _

__pr V2x

ue 22a 5 du)dxr =
(J&a—ﬂm (1 ) ) 2a
fK] (asfs7) Jrljue*‘”ﬁ(ag(l;;—ggﬁ . V2T
0

af8
201 _ 2 Gin?s
a(glﬁ‘ofeizuzu Dpdr =
Y at (1 fgz)y o2 7%%21;;2 _
048] (asfsy) + o Jo e 2lagd dr
)’2 «/ﬂag 1 *pz)‘%}/
—=J(asBsy) + (16)
B ¢ P 208 Va + B+ 2y

By (14)~(16), we get

Jasfsy) = L 2|: Zma’ (1 —p")”
1L Za
af
(%_ 1 )7«/27&13 (1,02)2)’]_
B Vatptly 2af Va +pT2y
Vem' A—p* g (L. Bty )
R e G
which together with (13) implies that
1
E( A ) mF————— -
‘f1| ‘afz‘ ﬂm
[]((izslﬂlp)+J(17a23a{0)+](a2919761{0)4_
) 1
](19“29751 )]:—.
O A=)
ﬁm3(1p2)3[ 1 (17 1tap )+
2 & (1—[02) Vat+1 “+2ap
a’ 1 adtap +
a2(1*{02)<a aZ«/1+a2+2a(o>
Pl vt
a’(1—p») a®+1—2ap
a (ifﬂ)}:az(lfﬁz).
az(l—pz) a’va +1—2ap V2%
20 +a) —v1+a* +2ap —V1+a" —2ap _
az(lf‘oz)
20 +a) — V1 +a* +2ap —1+a* —2ap
V2T
a7

Hence (17) holds for any p€[0,1].
For any a € (0, 1] and any p € (0, 1),

we have

d[zu +a) —V/1+a* +2a0 —/1+d° *Za,o}
V2T _
do
a 1 - 1
( : : )>o.
V2r \W1+a® —2ap 1+a® +2ap
Hence for any a € (0,17,
20 +a) —1+a* +2ap —+/1+a* —2ap
N ¢

is a strictly increasing function in p € [0, 1].
Hence it reaches its minimum value at p =0, i.e.

the inequality (3) holds.

4 Remarks

Remark 1 (i) Prof. Shao Qi-Man™ told us
that the Gaussian minimum conjecture for n =2
can be proved based on the following fact:
P(min(| X, |, | X, D >2)=1-P( X, |<2) —
POX, | <o) +P(X| [ <z, [ Xo | <) =
1-PX, | <) —P( X, | <)+
P(X, |<oOP(|X,|<x)=
1=PUY,|[<2) —PY,|<2) +
PUY, | <o) PY,|<x) =
1—PY,|<x) —P(Y,| <o)+
PUY, | <z, |Y,|<2) =
P(min(|Y, ], Y, ])>2) (18)
where the Gaussian correlation inequality was
used.
(i1) In Section 3, we gave the proof of the

Gaussian minimum conjecture for n =2 based on

061003-6
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’ |XZ ‘ )) W€
hope that this method may to be used to explore

an explicit formula for E(min(|X] |

the minimum value point of E (minj<w,|X;])
with E(X?)=1,Yi=1,+,n, for n=3.

Remark 2 For n=3, we can’t obtain the
corresponding inequality similar to (18) by using
the Gaussian correlation inequality. In fact, these
inequalities do not hold by the necessity result of
Theorem 1. 1.
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