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Abstract; Let a,b,n be positive integers and S={x,***,x,} be a set of n distinct positive integers. We
denote by (S*) (resp. [ S*]) the n Xn matrix having the ath power of the greatest common divisor (re-
sp. the least common multiple) of x; and x; as its (i,j)-entry. In this paper, we prove the following re-
sults; If a|b and n<<3, then det(S*) |det(S"), det[S*]|det[ S’ ],det (S) |det [S"]; If a|b,n=>4 and S
is an(n —3)-fold ged-closed set of n distinct positive integers, then det (S*) | det (S"), det[S* ]| det
[S],det (S*)|det [S"]; For any integer n=>4, there is an (n —4)-fold ged-closed setS of n distinct posi-
tive integers such that det (S)} det (S?), det [ S} det [ S? ], det (S)) det [ S?]. Our results extend
Hong’s theorem in 2003 and the theorems of Chen and Hong in 2020.
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1 Introduction

Throughout this paper, we denote by (x,y)
(resp. [x,»y]) the greatest common divisor (re-
sp. least common multiple ) of integers x and y.
Let Z denote the set of integers and | T'| stand for
the cardinality of a finitie set T of integers. Let f
be an arithmetical function and S={x;,***,x, } be
a set of = distinct positive integers. Let
(f(xirx;)) (abbreviated by (f(S))) denote the
n * n matrix having f evaluated at the greatest
common divisor (x;,x;) of x; and x; as its (i,7)-
entry. Let (f[a;.»x; ] (abbreviated by ( f[S]))
denote the n * n matrix having f evaluated at the
least common multiple [x;,x; ] of x; and x; as its
(i,j)-entry. Let & be the arithmetical function
defined by & = x* for any positive integer x,
where a is a positive integer. The n * n matrix (&,
(xi»x;)) (abbreviated by (S*)) and (&[ ;,ax;])
(abbreviated by [ S ]) are called power GCD ma-
trix and power LCM matrix, respectively. A set
S is called factor closed (FC) if the conditions x
€S and d|x imply that d €S. We say that the set
S is ged closed if (xiy2;) €S for all 1<<i,j<n.
Evidently, any FC set is ged closd but not con-
versely.

In 1875, Smith™ showed that

det (fGaj) = [[ (f*mw ) .
k=1
where 4 is the Mobius function and f * p is the
Dirichlet convolution of f and x Apostol*) ex-
tended Smith’s result by showing that if f and g
are arithmetical functions and if g8 is defined for
positive integers ¢ and » by

B = X flg( )

d| (t,r)
then

det(BCirj)) =g (1) (D= ).

He noted that, as a consequence, det(C(i,j)) =
n!, where C(¢,r) is Ramanujan’s sum. McCar-
thy"* generalized Smith’s and Apostol’s results to
the class of even functions (mod ). He evaluated
the determinants of n * n matrices of the form (p

(7,7)), where (¢, r) is an even function of ¢

(mod r). A complex-valued function g(¢,7) of the
positive integral variables ¢ and 7 is said to be an
even function of ¢ (mod ) if (¢, r) =p((t,7) 1)
for all values of ¢. The functions considered by
Smith and Apostol are even functions of ¢ (mod r)
for every . Bourque and Ligh"" evaluated the de-
terminants of n « n matrices of the form p(a;,x;) ,
where the set Sis FC and 5(z,7) is an even func-
tion of # (mod ). In 1993, Bourque and Ligh!*’
extended the Beslin-Ligh result'™” and Smith’s
theorem by showing that the determinant of the

matrix (& (x;s x;)) defined on a ged-closed set

S={xi,*,2,} 1s equal to H as.z (x) » where
€S

ase () = D) (&, % (d)
e

dgEg(
and

Es(x):={z€Z" . FyES, y<x,z|y}.
Divisibility is one of the most important topics in

the field of Smith matrices. Bourque and Ligh!"

showed that if S is FC, then (S)|[S] holds in the
ring M, (Z) of n Xn matrices over the integers.
That is, there exists a matrix A € M,(Z) such
that [S]=(S)A or [S]=A(S). Hong"®' showed
that such factorization is no longer true in general
if Sis ged closed. Let x,y€S with x<<y. If x|y
and the conditions x| d |y and d € S imply that
d€{x,y}, we say that x is a greatest-type divi-
sor of yin S. For x €S, Gs(x) stands for the set
of all greatest-type divisors of x in S. The con-
cept of greatest-type divisor was introduced by
Hong and played a key role in his solution Ref.
[9] of the Bourque-Ligh conjecture Ref. [7]. By
Ref. [ 8] we know that there are ged-closed sets S
with max.cs{|Gs(zx) |} =2 such that (S)"![S]¢&
M,(Z). In 2008, Hong et al."" confirmed Con-
jecture 3. 1 of Ref. [11] by constructing an integer
matrix equal to the product [S](S) ! if Sis a
ged-closed set with max,cs {|Gs(x) |} =1. The
set S is called a divisor chain if there exists a per-
mutation ¢ on {1,...,n} such that x,q, |... |
Zom. Obviously, a divisor chain is ged closed but
the converse is not true.

Definition 1. 112 Let T be a set of n dis-
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tinct positive integers and 1<\r<{n—1 be an inte-
ger. We say that T is 0-fold ged closed if T is
ged-closed. We say that T is ~fold gcd closed if
there is a divisor chain RCT with |R| =# such
that max(R) | min(T\R)and the set T\R is gcd
closed.

Note that Definition 1. 1 is stated in a differ-
ent way from that given in Ref. [12]. However,
they are equivalent. It is easy to see that an rfold
gcd closed set is (r —1)-fold ged closed, but the
converse is not necessarily true. Hong"'? proved
that the Bourque-Ligh conjecture is true when n<<
5 and if =6 then the LCM matrix [ S ] defined on
any (n —5)-fold ged-closed set S is nonsingular.
In 2005, Zhou and Hong""*! considered the divisi-
bility among power GCD and power LCM matri-
ces for unique factorization domains. On the other
hand, Hong"'" initiated the study of the divisibili-
ty properties among power GCD matrices and a-
mong power LCM matrices. Tan and Lin""*! stud-
ied the divisibility of determinants of power GCD
matrices and power LCM matrices on finitely
many quasi-coprime divisor chains.

In this paper, our main goal is to study the
divisibility among the determinants of power ma-
trices (5*) and (S”), among the determinants of
power matrices [ S¢ J]and [ S’ ] and among the de-
terminants of power matrices (S*) and [ S*]. The
main result of this paper can be stated as follows.

Theorem 1. 2 Let a and 6 be positive inte-
gers with a|b and let n==1 be an integer.

(i) If n<<3, then for any gcd-closed set S of n
distinct positive integers, one has det (S%) | det
(S"), det[S*]|det[ S"],det (S*)|det [S"].

(i) If n =4, then for any (n —3)-fold gcd-
closed set S of n distinct positive integers, one
has det (S*) | det (S”), det[S* ]| det[ S” Jand det
(SH[[S"].

(iii) For any integer n =4, there is an (n —
4)-fold ged-closed set S of n distinct positive inte-
gers such that det (S)f det (S?), det [ S]} det
[S?],det (S)f det [S*].

Evidently, Theorem 1. 2 extends Hong’s the-

orem® obtained in 2003 and the theorems of

Chen and Hong!'" gotten in 2020.

Throughout this paper, a and b stand for
positive integers. We always assume that the set
S={xy,*,x,} satisfies that x; <<:-+ <<x,. This
paper is organized as follows. In Section 2, we
provide some lemmas needed in the proof of our

main result. Section 3 is devoted to the proof of
Theorem 1. 2.

2 Auxiliary results

In this section, we supply two lemmas that
will be needed in the proof of Theorem 1. 2. We
begin with a result due to Hong which gives the
determinant formulas of a power GCD matrix and
a power LCM matrix on a ged-closed set.

Lemma 2. 1'% Let S={1,..

gcd-closed set. Then
detsH = [[ ) D" (eedJ U ()

2€ S J=Gg (0

., x,) be a

and

N (—1) 71
det[ 5] = [[ .
elsd =11« J%l) (ged(J U {2}

We can now use Hong’s formulae to deduce
the formulae for det(S*) and det[ S° ] when S is a
divisor chain.

Lemma 2.2 Let S={x,...»x,} be a di-

visor chain such that x;|... |x, and n=2. Then

det (8 =4 || (a4 — 240,
det[S] = (— D' 2e [] @t — 240,
i=2

3 Proof of Theorem 1. 2

In this section, we use the lemmas presented
in previous section to show Theorem 1. 2.

First, we prove part (i) as follows.

Let n =1. It is clear that the statement is
true.

Let n=2. Since S={x,,x;}is gcd closed, we

have (&1 ,x;) =x, and x1 | x.. It then follows that

EE
d (Sh) ¢ 1‘17 1./7 b __ b
et — 1 2 — b—a . X2 1 EZ
det(S*) x4 a8 o X% —x ’
et
x{  as
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b b b—a

oo ; Z xf —ab  af — b
D—a - -
d b et b b b b X3 * (7) * a __ a ¢ a __ _a EZ'
et[S"] X3 X3 e, X X xf —as  x]
det[Sa:I - a a X2 a __ .a GZ . .
ot x{ x5 X7 T The statement is true for this case.
x5 X% Case 2 (x9,23) =x2. Then x; | ;. It fol-
and lows that
d at A
d [S[) ° 4 ¢ b b b
et ]: X3 X3} det|x! 2%
det(S*) x4
| det(S) &b b A4
x4 a8 det(S*) x4 xf
b b
ba (ﬂ) R s det|xf 2§ ¢
0 .
T ay —af 24 28 8
The statement is true for this case. b b b b
) ) Ihiu . X3 — Xy . X9 — X GZ
Let n =3. Since S ={x, 22,23} is ged ! 24 —x s —af ’
closed, we have 1 |x;(i =2,3) and (x3,23) =1 2 28 28
or x;. Consider the following two cases: det|2b 2% 2
Case 1 (axy,23) =2;. Then det[S'] & 2 )
b det[S] af ab
det|2t 28 det|x$ 2% 8
det(S") a2 ) x5 X
a a a a
det(S) xi xf o b —ab b —ad ey
X3 * .
det|xf a5 af xy —as x5
8 xf and
b b b
fo B SR
1 a __ a * a __ _a GZ’ b b b
x4 —a% a8 —at det|zb 25
x b x4 det[S'] 2% % %)
'a A A a
r[; r[; ‘T[f_; Ig det(S ) a1 a1 X1
x5 b ;
det X7 det 2% 2% %
b b
2 X503 2 xf s
b b
det[s)] — 1) _ T2\ l,/) 71,{) l,{) _ l,/)
det(S*) x4y g (4> e €L
X1 X3 — X2 Xy T X7
a a a
det|af xf  af The statement is true for this case. Part (1) is
a
L X proved.
x b a I/) _ x// b b ~ .. .
e <J> . (B) ST O T Consequently, we prove part (ii). First of
T X Xl —as  af —ah .
’ all, any (n—3)-fold ged-closed set S must satisfy
an )
/ / / either &y [z [+ [, 5 |2, 2 |21 |20 Or 21 |22 | 200
x] ah X3 _
b |Iu*3 ‘-TN*Z and ng(Iu s Ty—1 ) T2
X903 - . .. . .
det x5 2 : Case a S is a divisor chain. That is, x; |2 |
X1
I/)I/) St X3 |1‘,,—2 ‘1'”71 ‘-Tu- Then by Lemma 2. 2’ one
b 243 b
det[ S"] L3 2 X3 deduces that
- - n
det[S*] x4 x5 det(S") ., xl —aly
det(SH v =i, ) S
. . I%l‘? i=2 “Ai A1
d t o) T2 P b n b b
e X det[S"] e H (I,’ —aly ) c7
“n
” x5 . det[ 5] PR i
3 P X3
x$ and
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det(S) % 5
The statement is true for this case.
Case b
(2, s2p—1) =x,—». By Lemma 2. 1, one has

det(S) = H > (=D

i=1 JSGg ()

(ged(J U Az =z (a
w2

(2 —a%y) H (24 — a4 )
i—2

det 8] _ 21" (@)e Z.

X T X

x| x| | s | 20 and ged

- ILIJI*Z )

and
n
) (-1 [T
det[S¢] = H:cf“ 2 - =
i1 oy (ged(J U {ai} )
; 1 1 1 1
2a — 2a _
xix 1( )r <7 —).
nw I(,L,f 1 ;T;l,—z n .T:ll I:‘I,Z
n—2
2a i — 1 — a L1 “
it )= () .
=2 Xi i1 L2
T, \“
(o — a0 () (b — )
2
n—2 a
T
11 (x : > (xy — ).
i=2 i1
Then
b b b b
M — ba 1‘1’1 71‘7)1*2 . 1‘7’171 717;72 .
- 1
det(S*) XX, T T
n2 b b
X T X
11 (f) €Z.
i—g i Ti—1
b
det[sbj — 1,/1 a (Ilfl )) “ .
T rced 1\ T
det[ S*] Ty
b b b b b
1‘7%*2 717“1*1 X2 ‘1‘?,72 *I%
2
ﬁ( ; )“(M) c7z
=2 i1 T — i
and

det[S”] . x/;—a ( L1 )b 1{)172 - ‘Tillfl < X ) b
e 1 ¢ ————————— o .
det(S*) .

T2 1‘;1171 _-ﬁhZ L2

b b m2 oNb b
Ly—2 Ty

b

. | | Xi xig — Xy c7

. a a __ .a .
Ty Xy—2 i—g \Li—l X Xi-1

a

The statement is true for this case.
Finally, we prove part (iii). Let n=>4 be an
integer, a=1,b=2 and
x, =31, 1<k<n—3,
Xyo =293 2, =73, x,=28 3",
By Definition 1. 1, one knows that S is (n —
4)-fold ged closed. By Lemma 2. 1, one has
det(S*) = xf(xi

—axn3) (X —x3)

n—3
(=i —aie tan) [] @t —at) =
i=2
n’ 32

5 . 271*1 . 3 2 ,
det(Sb) :61 . 23:176 . 3:12*31171 s

det[ S ] :I‘ff;%(fl _i>ﬁ7( 3 _i>.

1 X3 Ty Xps
xﬁ“(%— al — al -+ al ).
Ty X1 T2 Tp—3
n—3 1 1 - P
2a [ — — — (Ll .
i=2 Ii (I‘,’ Zi ) (l}ﬁa )
Gy — i) (B2) Gy i) -
n—3
w(lo Lo L1y
Ty X1 X2 Tp—3
n—3 a
11 (Ii ) (xfy —af) =
=2 il
210
(=Dt e 72 e lle2n 35,

and

det[S"]=(—1)" " « 191+ 7" »
2371*2 . 3112*11*9.

Then we can compute and obtain that
det(SZ) o 2n—5 112;371 l
det(s) Ol=277 37 -5 EL,
M: 2 2n—2 ops 1
et g] 191 T2 3 €L

and
detl:s2:|: _ n—4 4 2n—1
det(S) (—D 191« 7% ¢ 2

,,2+l;,—|6 i
3 s ¢7.

Part (iii) is proved. This finishes the proof of
Theorem 1. 2.
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