2022 %7 A
BE9% AN

vl K FRCE RFAF R Jul. 2022

Journal of Sichuan University (Natural Science Edition) Vol. 59 No. 4

&g —Z Cartan-Hartogs 18 _F &
Bers B8] FIMINE S HEF

A 2,

(MUNEAL TR PREH S S #BE . [ 5T 643000)

B E.&RY (N, m, n; K)Z % —% Cartan-Hartogs 3%, ¢ 2 Y, (N,m,n; K) k#9445 g p

. HY (N,m.n; K)Z Y (N,m.n; K) Eeg e 28 E 45, ucHY; (N,m,n; K)). ALi&

JAY (Nym,n; K) Eog ) L4 REXLE T Y, (Nym,n; K) E#) Bers B 2 8] £ & dn A
HAHT W, 08 g & B8k 2) 8.

KR : wREEFET; 7L HuaEERFX; §—
M BEE

HESES. 0177.2

2% Cartan-Hartogs #%; Bers # %

wia; A

XAk FRIZED DOI. 10. 19907 /j. 0490-6756. 2022. 041005

Weighted composition operators on Bers-type spaces of
the first kind Cartan-Hartogs domains

BAI Hong-Bin
(College of Mathematics and Statistics, Zigong 643000, China)

Abstract: Let Y; (N, m,n; K) be the first kind Cartan-Hartogs domain, ¢ a holomorphic self-map of
Y;(N,m,n;K) and u € H(Y;(N,m,n;K))the set of all holomorphic functions on Y;(N,m,n; K). In
this paper, by using the generalized Hua’s matrix inequality, the boundedness and compactness of the
weighted composition operators W, : f—uf°¢ on Bers-type space of the first kind Cartan-Hartogs do-
main are characterized.
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. known that all irreducible bounded symmetric do-
1 Introduction . L : .
mains were divided into six types by Cartan in

The Bergman kernel function plays an impor-
tant role in several complex variables. But, for
which domains can the Bergman kernel function
be computed by explicit formulas? In general, it
is difficult to get the domain whose Bergman ker-

nel function can be gotten explicitly. It is well
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1930s. The first four types of irreducible domains
are called the classical bounded symmetric do-
mains as well as the rest two types are called ex-
ceptional domains consisting of two domains (16
and 27 dimensional domain, respectively). In
1998, Yin and Roos introduced four kinds of do-
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mains corresponding with the classical bounded
symmetric domains and called this four kinds of
domains as Cartan-Hartogs domains!' . Yin has
obtained the explicit Bergman kernel functions for
the first Cartan-Hartogs domain in Ref. [26].

In this paper, we study the firstkind Cartan-
Hartogs domain denoted by Y; (N, m, n; K),
which is expressed by the following form;

Y (N,m,n; K) ={WeC",ZeR,(m,n) :

WK <det(1—2ZZ")},
where K >0 and R;(m,n) denotes

RiGmyn) ={Z.2€C™" 1 —Z7Z">0}.

Here Z denotes the conjugate of the matrix Z, Z©
denotes the transpose of Z, and m,n are positive
integers. We denote Y; (N, m, n; K) by Y; if no
ambiguity can arise,

Let Q be a domain of C" and H(Q) the class
of all holomorphic functions on N. Let ¢ be a hol-
omorphic self-map of Q and u € H (Q). The
weighted composition operator W, , on some sub-
spaces of H(Q) is defined by

Wo.of (2) =ul2) flp(2)), z€Q.

If u=1, it becomes the composition operator, u-
sually denoted by C,. If ¢(2) =z, it becomes the
multiplication operator, usually denoted by Mu.
A standard problem is to provide function theo-
retic characterizations when ¢ and u induce a
bounded or compact weighted composition opera-
tor. In recent years, there is a great interest in
the weighted composition operators on or between
spaces of the various bounded domains (see, e.
g. s Refs. [3, 5, 12, 15, 16, 19] for the unit
disk, Refs. [11, 17, 18, 20] for the unit ball,
Refs. [13, 23, 24] for the unit poly disk, Refs.
[1, 2] for the bounded homogeneous domain and
Refs. [8, 10, 21, 22] for the half-plane).

Leta>0 and B={z€C":| 2| <1} be the
open unit ball of C". The well-known Bers-type
space on B, usually denoted by A, (B), consists
of all f€(B) such that

| £ =sup(1—]z
z€B

Dl fl) | < tee

For the Bers-type spaces and some concrete oper-

ators on them, see,for instance, Refs. [6, 7, 9,

27 ] and the references therein.

Let a >0, K>0. Following the definition of
Bers-type space on B, we say that f€ H(Y}) is in
the Bers-type space A, (Y;) if

I fllaap= sup [det(I=ZZ")—
ZWey,

W 2K« | f(Z W) | <+ oo,
It is not difficult to see that A, (Y;) is a Banach
space under the quantity [l * [ 4 o).

Motivated by the results of weighted compo-
sition operators on holomorphic function spaces of
the classical domains, we study this kinds of op-
erators on Bers-type space of the first Cartan-
Hartogs domain and characterize the boundedness
and compactness.

Throughout this paper, the constants are de-
noted by C, which is positive and may differ from

one occurrence to the next.

2 Preliminaries

First, we have the following easy result.
Lemma 2.1 Let oa>0, K>0. For each (Z,
W) €Y, and f €A, (Y], it follows that
Iflaop
[det(I—ZZ") —|W|* 7«

In order to characterize the compactness, we

| f(ZW) ] <

need the following result which is similar to Prop-
osition 3. 11 in Ref. [4].

Lemma 2.2 Let « >0, K>0, ¢ be a holo-
morphic self-map of Y; and « € H(Y;). Then the

bounded operator W, , is compact on A, (Y;) if

¢c u
and only if for every bounded sequence { f,} in
A, (Y}) such that f,—>0 uniformly on every com-

pact subset of Y; as k=<, it follows that

gim I WS I A YD =0 @)
Proof Assume that the bounded operator

W.,.onA,(Y) is compact. Let {f,} be abounded
sequence in A,(Y}) such that f,—0 uniformly on
every compact subset of A, (Y;) as k— oo, If
Wt | a0 as k—-co, then there exists a
subsequence {f;\,j} of {f.} such that
’1215 H W(p.uf/zj H A (YD >0.

Since W
function g € A, (Y;) and a subsequence of {f;\,J }

¢« 1s compact on A, (Y;), there exist a
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(without loss of generality, still written by
{fk/ 1), such that
}erg | W(;.uf/ej —g |l aap =0.

Let E be a compact subspace of Y;. For (Z,W) €
E, from Lemma 2. 1 it follows that
| (W.fr, —g)(ZW)| <

l Wg;.,ufkj —g | A (YD
[det(I—ZZ") —|W|* e
From (2), we see that W(p,l,f;\,j —g—0 uniformly

(2)

on E as j— co, From this, for arbitrary ¢ >0,
there exists a positive integer N, such that

\u(Z,S)f;gj(go(Z,W))*g(Z,W)\ <e (3
for all (Z,W) € E, whenever j >N,. Since f,»,j —0
uniformly on E as j—c=, also there exists a posi-
tive integer N, such that ‘fk] (Z,W) | <e for all
(Z,W) € E, whenever j >N;.

Let

N=max{N;,N,}
and

M:(ZI:%Va))E(E‘ u(Z, W|.

From (3), we have
| g(Z W) | <
| [ (@(Z W) | max |u(Z, W) | +e=
i ZWeK

(1+M)e D
for all (Z,W) € E, whenever j >N. From (4)
and the arbitrariness of e, we obtain g(Z,W) =0
for all (Z,W) € E, which leads to g=0 on Y.
This shows that

}Lm | W¢,ufk] I A, (YD =0,
which contradicts (D.

Now, assume that { f,} is a bounded se-
quence in A, (Y;). Then it is locally uniform
bounded on Y;, which shows that there exists a
subsequence {fk],} of { i} such that f,c] — £ uni-
formly on every compact subset of Y; as j— oo,
From this we have f; —f—0 uniformly on every
compact subset of Y; ‘as j—>co, Consequently, we
obtain

/ll)m [ W.. (f/pj =M A T

}Lr{l [ Wg;.zlfkj _Wgo,uf [ A YD =0,
which shows that W,

¢ 18 compact on A, (Y}).

In the studies of the several complex varia-

bles, the famous mathematician Hua found and

proved the following so-called Hua’'s matrix ine-
quality in 1955;

If A,B are n Xn complex matrices, and [ —
AAT and I —BB" are both Hermitian positive def-
inite matrices, then

det(I —AAT)det(I ~-BBT) <

|det(I—AB") |2,
Recently, Ref. [ 25] gives a generalization of
Hua’s inequality in Y.

Lemma 2.3 Let K >0. For any two points
(Z, W), (Zy,, W,) €Yy,it follows that

[det(lle ZT) - ‘ Wl ‘ 2K][d€t(1*22 ZT) -

[ W, [ ®]<]det(I1=22,") — (W, W,)HK[ 2,
Applying LLemma 2. 3, we obtain some useful
functions in A, (Y)).

Lemma 2.4 Let ¢, K >0. For each fixed

point (A,B) €Y, the function

[det(I—AAT) —|B|* ]«
[det(I1 —ZAT) —(WBT)K ]
belongs to A,(Y;), and
I foam lao)<l 5

f(A,B) (ZvW) -

sup
(A.B)GYI

Proof From a direct calculation and LLemma
2.3, we have
[det(I—2ZZ") = |W|* 7| foam (Z,W) | =
[det(I1—ZZ") —|W |«
[det(I —AAT) —|B|* ]
| det (I —ZAT) —(WB™)X
From this, we obtain f.p € A, (Y;) and (5)
holds.

Za\

3 The main results

For ¢ a holomorphic self-map of Y, let
(A,B) =¢(Z,W) for (Z,W) €Y.

Theorem 3.1 Let ¢ >0, K >0, ¢ the holo-
morphic self-map of Y; and u € H(Y}). Then the
is bounded on A, (Y) if and only if
|u(Z, W) |

operator W,

M= ey,
[det(1 —ZZ) — |W|* ] —
[det(I—AAT) —|B|* ]

Proof  Assume that W,, is bounded on

A, (Y. Then for each f€A,(Y]), there exists a
positive constant Csuch that

[ W(p.uf l A (YD) <C | f I A (YD (6)

—+ o
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For the fixed point (Z;, W) € Y;, choose | fon (p(Z1,W1)) | =
the function [det(I—2Z, 77y — ‘W] ‘ 2K e -

[det(]1 —AAT) — |B|* ] ’
[det(I—ZAT) — (WBT)K %
where (A,B) =¢(Z,,W,). From Lemma 2. 4, it
follows that fpn €A, (Y. and | fam |aop=<

1. By a direct computation, we have

f(A.B) Z,W) =

[det(I—Zl ZT) - ‘Wl ‘2K:|a

W am | <C Il faam Il a o) <C,s

which shows that
M[ =

“up [det(1—ZZ") —
ZWEY, [det(I*AAT) _ ‘B‘ZK]Q

sup [det(I—=ZZ") —|W|[* ]

(ZW)eY,

W ap (Z1,W1) | =

2K Ta
WIS 2wy | <

W, (ZW)| =

[det(I1 —AAT) —|B|* ]«
Then, applying the boundedness of W, to fia.p
along with (6) and (7), we have

C[detI =2, Z") — | W, |

2K e
S =resa—— n] [u(Zy . WD | <
[det(I—AAT) —|B|*]

+ oo,
Conversely, by Lemma 2. 1, for all f €A, (Y})

we have

sup [det(I—=ZZ") —[W|* J*|u(Z,W) f(o(Z,W)) | <

(ZWEY,

Z,W

sup |u(Z,W)
EY,

Hence, from (8) we see that the operator W, is
bounded on A,(Y;). The proof is end.

Next, we characterize the compactness of the
operator W, on A, (Y)).

Theorem 3.2 Let ¢ >0, K >0, ¢ the holo-
morphic self-map of Y; and u € H(Y;). Then the

operator W, is compact on A, (Y ) if and only if

_ TN 2K Ta

lim |u(z.w)|LdetdI =220 —[W|™ |
(A.B)—>3Y; [det(I—AAT) —|B|* ]
=0 €D
Proof  Assume that the operator W, is

compact on A,(Y;). Then it is clear that the op-
¢« 1s bounded on A, (Y). Consider a se-
quence {(A;, B)} ={¢(Z;sW,)} in Y, such that

(A;,B;)—>9JY; as i—>co, If such a sequence does

erator W

not exist, then (9) obviously holds. Using this
sequence, we define the function sequence

filZ W) =f.p,(Z,W),
where f(A;, B;) is the function f.p replaced
(A,B) by (A;,B;) in the proof of Theorem 3. 1.

| [det(I—2ZZ") — |W|* ]
[det(I1 —AAT) —|B|* ]

I fla,op =Ml flaop €¢))

By Lemma 2. 4, we see that the sequence { f;} is
uniformly bounded in A, (Y;), and f;—>0 uni-
formly on any compact subset of Y; as i—>co. So

by Lemma 2. 2 one has lim [|W,.f; [ 4 «, =0.

From this and a direct calculation, we have

. [det(I—Z Z.T) — |W, [
| '9”1‘ A =0.
iEl}‘u(Z, )‘ [det(I*A,‘A;T)*‘Bi e

Conversely, in order to prove that the opera-

tor W, is compact on A,(Y;), by Lemma 2. 2 we

only need to prove that, if { f;} is a sequence in

A, (Y such that sup || fi [ 4 v, <M and f;—0
ieN «

uniformly on any compact subset of Y; as i—co,

then lim [ W, f: | Ao =0. We first observe that

(9) implies that for every ¢ >0, there exists an
0>0,such that for any
(Z,W)eE=
{((Z,W) €Y, :dist(p(Z,W),dY ) <o},
W) [det(I*ZiZ"') — |[W |
[det(I —AAT) —|B|* ]
For such e and ¢, by using (10) and Lemma 2. 1,

‘M(Zy

<e (10)

041005-4
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we have

IW,of i laap = sup [det(I—ZZ") —|W|* ] |W, [ (Z,W)|=
“ (Z.Wey;

sup [det(I—ZZ") —|W|* e

(ZWEY,

( sup +

ZW)eE

Me +

sup ) [det(I—ZZ") —|W

(ZW)EY\E

(Z,W)EY\E

Me +

(Z,W)EY\E

|
Since {(Z,W) €Y, \E} is a compact subset of Y,
fi—>0 uniformly on this set as i— oo, From this
and (11) we get

IILTII | Wgﬁ,ufg | A, (YD =0,
which shows that the operator W, ,is compact on

A (YD.

4 Conclusions

We study the weighted composition operators
on Bers-type space of the first kind Cartan-Har-
togs domain and characterize the boundedness and
compactness by using the generalized Hua’'s ma-

trix inequality.
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